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Summary

Continuous fibre reinforced polymer composites have evolved as a promising class
of materials in structural applications. Forming processes involved have advanced,
offering improved reproducibility and economical competitiveness. However, shape
distortions such as warpage and spring–forward occur after forming. These distortions
often have to be solved by remake of the tooling. The high costs accompanying this
trial–and–error process can be reduced significantly with the aid of numerical design
tools.

The goal of the research described in this thesis was to develop a numerical design
tool for high–precision composites forming. An efficient finite element model which
predicts process–induced shape distortions is developed, enabling correction of the
tools beforehand. The primary distortional factors are identified and evaluated for
different forming processes.

The decrease of the enclosed angle of curved parts, referred to as spring–forward,
is a shape distortion that is mainly caused by material anisotropy. A large part
of the spring–forward can be attributed to the thermoelastic cool–down from the
processing temperature. Linear thermoelasticity provides a convenient tool for
first order predictions of the thermally induced spring–forward of singly curved
parts. It requires the three–dimensional thermoelastic properties of the composite
material, and hence the derivation of these properties is presented. The prediction
of the thermally induced spring–forward is validated with experiments, showing good
agreement between theory and measurements. The thermoelastic prediction for the
spring–forward of singly curved geometries is included in the classical laminate theory
for plates. The subsequently derived finite element formulation allows for an efficient
prediction of the spring–forward of doubly curved parts.

The thermoelastic analysis is extended to a viscoelastic analysis of a curing
thermoset composite. A viscoelastic woven fabric material model is proposed, taking
into account the cure conversion and cure shrinkage of the resin. The material model
is applied for the simulation of spring–forward. Different moulding processes are
represented by different boundary conditions. It is demonstrated that the viscoelastic
material model can be simplified to an ‘instantly viscous to elastic’ (IVE) material
model.

The IVE material model is utilised for the prediction of shape distortions in rubber
pressed thermoplastic composite parts. The warpage of composite panels, which were
pressed between flat tools, is analysed with conventional theory. The conventional
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theory predicts the through–thickness stress distribution that evolves from the large
thermal gradients present during the rapid forming of thermoplastic composites. The
deformation of the rubber tool is identified as the dominating cause for the warpage
of flat panels, which is confirmed by additional simulations and experiments.

The spring–forward of rubber pressed Z–shaped parts was measured. Linear
thermoelasticity fails to predict the thermally induced spring–forward and total
spring–forward of the corner sections of the Z–shapes. The interaction of the
composite laminate with the rubber tool during pressing is indicated as the main
cause for the disagreement between the thermoelastic theory and the measured
spring–forward.

An efficient simulation strategy is discussed, taking into account the primary
distortional factors. A multi–layer element is proposed, which is able to describe
interlaminar shear induced by tool contact. Layer–wise stresses are calculated without
the cost of solving the degrees of freedom of separate fabric layers. The composites
forming process is subdivided into separate steps, which enables the design of a
different solution strategy for each step. The solution strategy is recognised as a
promising tool for simulations of shape distortions in composites forming in the near
future.



Samenvatting

Continue–vezelversterkte kunststoffen vormen een veelbelovende klasse van
composietmaterialen in structurele toepassingen. De productieprocessen voor het
vormen van deze composieten zijn sterk vooruitgegaan, wat heeft geresulteerd in
een toename van de reproduceerbaarheid en in een verbetering van de economische
concurrentie ten opzichte van conventionele materialen zoals staal en aluminium.
Echter, composieten producten vertonen vormverstoringen zoals kromtrekken
en ‘spring–forward’ na productie. Deze verstoringen worden verholpen door
matrijscorrecties. De hoge kosten die gepaard gaan met deze ‘trial–and–error’
aanpak kunnen aanzienlijk worden verlaagd door gebruik te maken van numerieke
ontwerpgereedschappen.

Het doel van het onderzoek dat wordt beschreven in dit proefschrift is
het ontwikkelen van een numeriek ontwerpgereedschap ten behoeve van het
maatnauwkeurig produceren van composieten producten. Er wordt gestreefd naar
een eindige elementen model dat procesgerelateerde vormverstoringen efficiënt
voorspelt zodat de matrijzen op voorhand kunnen worden gecorrigeerd.

Spring–forward, ofwel de verkleining van de ingesloten hoek van composieten
hoekdelen, is voornamelijk een gevolg van materiaal–anisotropie. Het grootste
deel van de hoekverkleining wordt toegeschreven aan de thermoelastische afkoeling
van de procestemperatuur naar kamertemperatuur. Lineaire thermoelasticiteit
biedt een handzame oplossing voor eerste–orde voorspellingen van de thermische
spring–forward van enkelgekromde delen. De driedimensionale thermoelastische
eigenschappen van het composietmateriaal moeten daartoe bekend zijn. De lineair
thermoelastische voorspelling van spring–forward wordt experimenteel gestaafd,
wat een goede overeenkomst tussen theorie en metingen laat zien. De lineair
thermoelastische voorspelling voor de spring–forward van enkelgekromde delen wordt
vervolgens in de klassieke laminatentheorie voor platen gëımplementeerd. De
daaropvolgende eindige elementen formulering is toepasbaar voor een efficiënte
voorspelling van de spring–forward van dubbelgekromde productvormen.

De thermoelastische analyse wordt uitgebreid tot een viscoelastische beschrijving
van een uithardend composietmateriaal met een thermoharder matrix. Een
viscoelastisch materiaalmodel voor weefselversterkte thermoharders wordt
gëıntroduceerd, met inachtneming van de uitharding en bijhorende krimp van de
matrix. Het materiaalmodel wordt toegepast voor de simulaties van spring–forward,
waarbij verschillende vormingsprocessen worden gerepresenteerd door verschillende
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randvoorwaarden. Daarbij blijkt dat het viscoelastische materiaalmodel kan worden
vereenvoudigd tot een ‘instantaan visceus naar elastisch’ (IVE) materiaalmodel.

De vormverstoringen die optreden na het rubberpersen van thermoplastische
composieten worden geanalyseerd met behulp van het IVE materiaalmodel. Het
model wordt toegepast in een conventionele benadering voor de voorspelling van het
kromtrekken van vlakke composieten panelen. De conventionele aanpak richt zich op
de berekening van de spanningsverdeling door de dikte van het composietmateriaal,
als gevolg van de grote thermische gradiënten die optreden bij het relatief snel afkoelen
van thermoplastische composieten. Met behulp van een theoretische en experimentele
analyse wordt echter aangetoond dat de deformeerbaarheid van de rubberen matrijs
een grotere invloed heeft op het kromtrekken van de vlakke panelen dan de spanningen
die ontstaan door thermische gradiënten.

De spring–forward van Z–profielen, die zijn gevormd door rubberpersen, wordt
beschouwd aan de hand van lineaire thermoelasticiteit. Echter, de theorie blijkt
niet in staat om de totale en thermische spring–forward van de hoeken correct te
voorspellen. Wederom wordt de interactie tussen de vervormbare rubberen matrijs
en het composietmateriaal aangewezen als de hoofdoorzaak voor de vormverstoringen.

Tenslotte wordt een efficiënte simulatiestrategie voor de voorspelling van
procesgerelateerde vormverstoringen bediscussieerd. Een meerlaagselement, dat
de interlaminaire afschuiving als gevolg van de interactie met een deformeerbare
matrijs kan beschrijven, wordt gëıntroduceerd. Spanningen worden laagsgewijs
berekend zonder de hoge rekenkosten die gepaard gaan met het oplossen van de
vrijheidsgraden van individuele weefsellagen. Het vormingsproces van composieten
wordt opgedeeld in afzonderlijke stappen, waarbij elke stap met de meest efficiënte
oplossingsstrategie kan worden benaderd. De simulatiestrategie wordt gezien als een
veelbelovend gereedschap voor toekomstige voorspellingen van vormverstoringen in
vormingsprocessen van composieten.
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Chapter 1

Introduction

1.1 General introduction

Continuous fibre reinforced polymers (CFRP) are being increasingly applied in
structural applications. Strong and stiff continuous fibres, such as glass, carbon
and aramid are able to sustain high loads in the fibre direction, whereas the
polymeric matrix provides a greater freedom in design. Other beneficial properties
include corrosion resistance, low electrical and thermal conductivity, the possibility
of embedding sensors, good fatigue properties, good vibration damping, etc. [1]. The
high specific stiffness and strength of CFRP composites has increased their use in
the aerospace industry drastically in recent years; the specific stiffness of a carbon
reinforced epoxy (60% fibre volume) is a factor 3 larger than that of a 2024–T4
aluminium alloy, and the specific strength a factor 6.

The benefits do not come cheaply. The material costs for composites are
significantly higher than those of other engineering materials such as steel and
aluminium. In 2002, carbon/epoxy pre–impregnated (prepreg) material was 60 times
more expensive than steel and aluminium [1]. Hence, the use of such a composite
material is limited to applications where the weight penalty is large enough to invest
in expensive, but light–weight materials. These applications are amongst others in
aerospace, transport, car racing, boat racing and cycling.

Some of the specific properties of the polymeric matrix limit the applications of
CFRP composites. The maximum service temperature is relatively low compared
with steel and ceramics. Composites based on ‘common’ plastics can be used from
-40◦C up to 100◦C, specialty polymer matrices allow usage up to 200◦C (cyanate
esters, bismaleimide) [1]. Polymers suffer from moisture uptake, which results in
swelling and accompanying cracks and shape distortions.

The production of CFRP composite parts was and is typically applied in small
series. A production process such as the classical hand lay–up method, where
individual plies of unidirectional (UD) CFRP material are stacked manually, is labour
intensive. This limits the wide–spread use of such composites, as production costs
are relatively high. On the other hand, tooling costs are generally low due to the low



2 Introduction

forming forces, which makes the process suitable for one–offs or small series.
In the recent decade, composite production processes have been automated

increasingly to achieve higher production rates with constant product quality.
Processes such as resin transfer moulding (RTM), resin infusion under flexible tooling
(RIFT), stamping of sheet moulding compound (SMC), pultrusion and filament
winding have advanced in the field of thermoset resin composites. Some of the
processes involve the injection of preforms of dry fibre arrangements. Preform
technology has evolved as well, yielding techniques such as braiding and stitching.
Weaving fibre bundles into fabrics results in a reinforcement that possesses coherence
even before it is impregnated with resin. Draping of complex shapes is therefore
facilitated.

Continuous fibre reinforced thermoplastics are relatively new compared to the
thermoset composites. The first continuous fibre thermoplastic composites were
first available for structural applications in the early 1980’s, but interest in these
materials is rapidly increasing. Thermoplastic composites are most suitable for higher
volume production, as the matrix can be repeatedly melted and rapidly solidified.
Preconsolidated thermoplastic composite sheet material can be reheated and formed
with well–automated processes adapted from sheet metal forming, such as matched
die moulding, rubber pressing, deep drawing and hydroforming [2]. Processing times
are of the order of minutes, whilst the curing of thermoset composites takes of the
order of hours. The application of woven fabric composites contributes to improved
drape characteristics and reproducibility.

Like other composite materials, CFRP composite products suffer from residual
stresses. These residual stresses are inherent to the anisotropic nature of composites
in combination with the forming process. Residual stresses can lead to premature
failure, unaccounted decrease of the strength and unacceptable distortions of the
product shape.

1.2 Shape distortions

Apart from linear shrinkage, the shape distortions of polymer composite parts
are divided here into two major types: warpage and spring–forward. Warpage
is defined as the curvature and twist of initially flat parts, and is mainly the
result of a non–balanced stress distribution through the thickness of the composite
laminate. Spring–forward is defined as the decrease of the enclosed angle of a corner
section, which occurs even when the through–thickness stress distribution is uniform.
Typically for CFRP composites, the change of the enclosed angle of a 90◦ corner
section is of the order of 1◦ to 3◦. Spring–forward is primarily caused by the
combination of anisotropic material behaviour and the geometry of the corner, as
will be shown in chapter 2. Figure 1.1 shows a sketch of a C–section suffering from
warpage and spring–forward, and the consequences for subsequent assembly into an
I–beam.

The intended geometry of the C–shaped part is sketched in figure 1.1 (a). The
spring–forward of the two corner sections and the warpage of the upright flange
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(a) (b) (c)

spring–forward

warpage

Figure 1.1: Spring–forward and warpage of a C–shaped part: (a) intended geometry,
(b) distorted geometry and (c) problematic assembly into an I–section

are exaggerated in figure 1.1 (b). The distortions of the part complicate further
assembly, as demonstrated with the example of an I–section composed of the
C–shaped parts (figure 1.1 (c)). Welding and adhesive bonding are well–established
joining technologies applied in the assembling of composite materials [3, 4]. A
primary condition is that the surfaces to be joined match very well. Post–moulding
repair/reshaping of the distorted shape is often difficult due to the high stiffness of
the composite material. Hence, the sketched I–section configuration will most likely
be rejected.

1.3 Stress sources for shape distortions

The origin of residual stresses causing shape distortions in CFRP composite materials
can be attributed to many parameters. Svanberg [5] discusses the most prominent
stress–inducing factors in the processing of thermoset composites. Albert and
Fernlund [6] divide stress sources involved with thermoset composites processing
into intrinsic and extrinsic sources. Intrinsic sources relate to material, lay-up
and part shape, whereas extrinsic sources are process related, including tool–part
interaction and cure gradients. Månson and Seferis [7] classify the sources and
driving forces for stresses in composite materials into intrinsic properties, processing
conditions and environmental conditions. The intrinsic properties are associated with
thermodynamics, and are subdivided into material anisotropy and heterogeneity.
The stress sources related to processing conditions depend on the kinetics of the
forming process, including thermal gradients and gradients in material morphology.
The environmental sources are temperature, absorption of moisture and plastic
deformation during service.

Here a classification is proposed which basically makes the same division as the
classifications proposed by Albert and Fernlund, and Månson and Seferis. Figure 1.2
shows a diagram with on the one side the ‘input’ variables material, geometry and
process, and the ‘output’ residual stress and shape distortions on the other. The
two branches indicate the origin of stress factors that are present during forming of
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Figure 1.2: Diagram showing the origin of residual stress and shape distortions in
CFRP composite processing

composite products. The two branches match with the intrinsic and extrinsic classes
of stress, respectively.

The upper branch relates to residual stresses caused mainly by the anisotropy and
heterogeneity of the composite material. The anisotropy is split up into ‘in–plane’
and ‘through–thickness’ to distinguish between variations of material properties in the
plane and through the thickness of a composite product. The anisotropy is caused
by the fibre orientations of the successive layers in the laminate, and the distribution
of the fibre orientation over the product geometry. Fibre reorientation occurs when a
CFRP composite is draped onto a doubly curved mould.

The lower branch describes the stresses that arise from thermal and mechanical
interaction with the tools during processing. The thermal interaction with the tools
is translated into thermal gradients through the laminate thickness and the resulting
gradients in shrinkage stress and mechanical properties. Mechanical interaction
involves the stresses that are induced in a composite part caused by deformability
of tools and mismatches in thermal expansion of tool and part material.

1.3.1 Anisotropy & fibre reorientation

The material behaviour of CFRP composites is strongly anisotropic due to the
presence of the aligned, continuous fibres. The orientation of the fibres in individual
plies dictates the behaviour of the composite on the laminate scale. In–plane
quasi–isotropic (QI) behaviour is achieved by stacking plies at different orientations,
but a difference with out–of–plane behaviour remains.

Anisotropic material behaviour depends on the properties of the individual
constituents of the composite, such as stiffness and thermal expansion in the case
of thermoelasticity. The anisotropic intrinsic behaviour of the composite material
is partly determined by the intrinsic behaviour of the polymer matrix. Hence,
phenomena occurring in polymer behaviour and processing are present to greater
or lesser extent on the composite level as well. Typical phenomena are creep
and stress relaxation involved with viscoelasticity, volume relaxation of glassy
polymers [8], curing shrinkage of thermoset polymers and crystallisation shrinkage
of (semi–)crystalline thermoplastics.

Manufacturing a CFRP composite product requires the deposition (draping) of
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dry preforms, prepregs or melted preconsolidated laminates onto moulds with the
intended shape. Fibre reorientation occurs when the required shape is doubly curved.
The result is a distribution of the fibre orientation over the product dimensions, with
an accompanying distribution of the anisotropic properties of the composite. Apart
from the geometry of the product, fibre reorientation depends on the type of composite
material that is used and the process that is applied to manufacture the product. For
example, draping of dry non–crimp stitched fabrics (NCFs) [9] involves a mechanism
different from draping of melted woven fabric reinforced thermoplastic composites [10].
The stitches and possible presence of binder powder control the drapability of an
NCF, whereas the drapability of the woven fabric thermoplastic composite depends
on the weave architecture and the viscosity of the melted matrix. The lay–up of the
composite material appears to have a dominant effect in woven fabric thermoplastic
composite forming, as shown recently by Lamers [10]. His numerical and experimental
study showed that the drape characteristics of a quasi–isotropically stacked woven
fabric laminate are much worse than those of a crossply laminate.

Drape–induced fibre reorientation results in residual stresses and shape distortions
through different ways. A distinction can be made between warpage caused by
membrane stresses, warpage as a result of non–symmetric through–thickness fibre
orientation and spring–forward.

As discussed, the distribution of fibre orientations over the in–plane dimensions
of a doubly curved product is coupled to a distribution of the in–plane anisotropic
properties. Production processes involved with thermoplastic composites and most
processes applied for thermoset composites take place at an elevated temperature.
Regarding the (thermoelastic) cool–down from the processing temperature to
the release temperature, considerable membrane stresses can develop due to
the distribution of the anisotropic thermoelastic properties. Subsequently, the
membrane stresses can be partially relieved through out–of–plane displacements, or
warpage [10].

Composite products are mostly manufactured from symmetric laminates.
Draping of laminates during the manufacturing process may lead to different fibre
reorientations in different plies of the laminate, causing non–symmetry in the lay–up.
Subsequently, the non–symmetric lay–up of CFRP laminates leads to warpage.
Another effect is that the fibre content becomes distributed over the laminate
thickness. Forming a composite into or onto a corner part introduces a bending
strain profile. Fibre bundles are compressed in the smaller radius and extended
and flattened in the larger radius. Resin migration can subsequently lead to a
through–thickness redistribution of the fibre volume fraction, which results in a
distribution of the anisotropic properties. This can be considered as non–symmetry
of the lay–up, and hence warpage should be expected.

As mentioned, the spring–forward of corner sections is an effect of material
anisotropy. In chapter 2, it will be shown that spring–forward depends primarily on
the difference between the in–plane and through–thickness shrinkage of the material.
The anisotropic shrinkage depends on the local fibre orientation. Therefore, fibre
reorientation not only influences the membrane stresses, but also contributes to the
effect of spring–forward.
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1.3.2 Process–induced stresses

The lower branch of figure 1.2 is commonly associated with ‘process–induced residual
stresses’ [7, 11, 12]. In this thesis, the common definition of process–induced stresses
is maintained. It comprises the residual stresses that evolve from the thermal
and mechanical loading of a composite material during processing after draping.
Drape–induced fibre reorientation and the resulting stresses are not included in the
current definition of process–induced residual stresses, although it is recognised that
draping is influenced by the forming process applied.

The origin and effects of process–induced stresses are discussed in general
first. Subsequently, the effects are evaluated for the processing of thermoset and
thermoplastic composites, respectively.

Thermal gradients

CFRP composite products are mostly manufactured at elevated temperatures, either
to melt the matrix material or to initiate and enhance a polymerisation reaction.
Through–thickness thermal gradients can be expected due to heating and cooling in
combination with the heat released during the exothermic polymerisation of thermoset
resins or the crystallisation of (semi–)crystalline thermoplastics. Thermal gradients
affect the evolution of residual stress in two ways, i.e. via gradients in conversion and
through skin–core stress.

The conversion from viscous to elastic material behaviour of a polymer resin is
controlled by temperature and time. Hence, through–thickness thermal gradients can
result in gradients in the amount of conversion of the polymeric matrix, with related
effects on the mechanical behaviour of the matrix and hence of the composite.

Skin–core stresses are the stresses that arise when unconstrained material, which
exhibits a conversion in stiffness, is cooled non–uniformly through the conversion
temperature [8] (also see appendix A). For example, when an amorphous polymer
plate is cooled to environmental temperatures, the surface (or skin) will cool faster
and transform from rubbery to glassy earlier than the core. The skin is allowed to
contract stress–free, since the stiffness of the rubbery core is negligible. Subsequently,
the core solidifies. The contracting core is restrained by the stiff, already cooled skin.
Assuming the strain to be uniform through the thickness of the plate, the skin and
core are respectively subjected to compression and tension.

Mechanical tool interaction

The CFRP composite is formed into a part using two moulds or tools, of which at
least one is ‘rigid’. The mechanical interaction between the tools and the composite
part influences the development of stress in the composite in different ways. One was
already mentioned; a condition for the evolution of skin–core stresses is the absence
of mechanical constraints. Others are mismatch in thermal expansion and mechanical
deformability of the tool.

The combination of tools and composite part is commonly subjected to temperature
changes during processing. The thermal expansions of tools and part usually differ,
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and except for specially designed tools, the coefficient of thermal expansion (CTE) of
the tooling material is larger than that of the composite. The mismatch in CTEs can
lead to a through–thickness stress distribution in the composite part, depending on the
conditions of the interface between tool and part. Friction conditions are required to
transfer stress between the two contacting surfaces. These friction conditions depend
on both the tool material and the composite material.

Some processes use deformable tools. For example, the rubber pad forming of
thermoplastic composites involves the application of a rigid tool and a deformable
tool. The deformation of the deformable tool may be transferred to the composite
part, depending on the friction conditions in the contact interface. The composite
part is therefore loaded differently on top and bottom, which can result in a
through–thickness stress distribution. When the through–thickness stress distribution
does not relax but freezes in upon cooling, warpage occurs when the part is released
from the tools.

Thermoset composites processing

Various manufacturing processes have been developed for specific thermosetting
composite materials [1]. Here, a general description of the underlying mechanism is
given, recognising that the processes are often much more complicated. Thermosetting
composites start as a combination of fibre reinforcement and unreacted resin, which
is placed between moulds or onto a single mould half. The polymerisation reaction
of the resin often takes place at an elevated temperature. Therefore, the unreacted
composite and the moulds are heated up to a temperature specific for each individual
resin system. The resin reacts, and is transformed from a liquid–like viscous material
to a viscoelastic solid. Heat is released during the polymerisation reaction. In the
case of thick composites, the moulds are cooled to carry off excessive heat that could
lead to degradation of the resin. Subsequently, the cured composite and the moulds
are cooled down, after which the composite part is released from the moulds.

The heating of the mould–composite assembly is performed at low rates, of the
order of 1 to 5 ◦C/min. Thermal gradients can be considered small during heating
and curing in the case of thin composite laminates. Gradients in thermal expansion,
chemical shrinkage and extent of conversion are accordingly small. In the case of thick
parts, the exothermic heat can cause a through–thickness temperature gradient. The
extent of cure can vary over the thickness, and if non–symmetric thermal conditions
are present on the top and bottom surface, the resulting stress profile can cause
warping [12].

The mismatch between the CTEs of the tool and the composite part can result
in a through–thickness stress distribution in the composite. Recent publications [13,
14, 15] show that the expansion of the tool during heating up can impose a state of
through–thickness shear to the – still viscous – composite laminate, loading successive
plies differently. Supposedly, this stress state is subsequently frozen–in when the
composite cures and becomes more or less elastic. The stress distribution is partially
released in the form of warpage.
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Thermoplastic composites processing

Thermoplastic composite products are often manufactured by sheet forming [2],
although techniques employed in thermoset composite forming have been adapted
for thermoplastic composites, such as autoclaving and vacuum bagging [16].
As mentioned, thermoplastic sheet forming in general consists of reheating a
preconsolidated sheet (blank), which is subsequently pressed between relatively
cold tools. The heat of the composite laminate is removed by the tools, and
the matrix transforms from a melted, viscous liquid to a viscoelastic solid at a
certain solidification temperature. This temperature can be the glass temperature
for amorphous polymers or the crystallisation temperature for (semi–)crystalline
polymers.

The thermal gradients through the laminate thickness can be expected to be large.
The composite sheet experiences a thermal shock as soon it is pressed between the
tools, and is rapidly cooled from the outside inwards. The formation of the crystalline
phase in semi–crystalline polymers depends on the cooling rate. The cooling rate
controls both the temperature at which crystallisation starts and the amount of
crystalline phase that is formed. The polymer can even remain fully amorphous
at sufficiently high cooling rates, which can be observed in the extrusion of thin
film poly(phenylenesulphide) (PPS), for example. The mechanical behaviour of the
semi–crystalline polymer depends on the amount of crystalline phase. Therefore,
thermal gradients in semi–crystalline thermoplastic composite processing can result
in gradients in both crystallisation shrinkage and mechanical properties.

The occurrence of skin–core stresses is more likely in thermoplastic composite
forming than in thermoset composite processing because of the high thermal gradients
involved. However, stick conditions between tools and composite can be expected,
which restrain the free contraction of the composite. The steel tools applied in, for
example, matched die moulding and rubber pressing are maintained at a constant
temperature. Local heating caused by the relatively hot composite sheet will most
likely not deform the tool considering the robustness of the sheet stamping tools.
Hence, skin–core stresses can be expected to be negligible [17].

The application of a deformable tool in rubber pressing was addressed already.
The effect on through–thickness stress evolution in thermoplastic composites will be
discussed in detail in chapter 4 of this thesis.

1.4 Design tool

The shape distortions occurring in CFRP composites manufacturing obviously depend
on many parameters concerning material, process conditions and the shape of the
part to be manufactured. The material type – thermoset or thermoplastic – and
the corresponding manufacturing process are chosen in an early stage of the design
process of a new composite part. The process engineer is subsequently responsible
for the manufacturing of the part, complying with the required dimensional accuracy.
Experience provides the first choices for specific resin type, process temperatures,
processing times and corrections of the tool geometry to compensate for expected
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shape distortions such as shrinkage and spring–forward. A trial–and–error procedure
usually leads to an acceptable product, with additional costs of labour, scrap material
and re–work.

Numerical tools such as the finite element method are recognised as powerful
design tools. They aid to reduce the costly trial–and–error time and direct towards
a ‘first–time–right’ design. Ideally, numerical design tools provide the tool geometry
and the processing conditions given the material and geometry of the composite part.
Future increase of computational capacities and advanced optimisation algorithms are
expected to take the numerical involvement to a higher level in the design process.
Design variables such as part geometry, material and process are then optimised
with respect to a given set of objectives, such as e.g. physical design space, weight,
stiffness, strength and economical competitiveness. Already in 1997, Hsiao and
Kikuchi [18] optimised the forming temperature in sheet forming of woven fabric
reinforced thermoplastics with respect to the final sheet thickness.

Yet the current state in composites process modelling is more on the level of
predicting the evolution of process–related stresses and shape distortions, with
emphasis on material behaviour in relation with processing conditions. Numerical
tools developed are mostly validated on basic geometries: parts with single
curvature(s) only and warped plates. This strategy is fully justified; the basic
principles must be understood before full product modelling can take place. Hybrid
two–dimensional process/three–dimensional structural (2D/3D) numerical analysis
can be used for the modelling of doubly curved geometries [19], providing that
the 3D structure allows a relevant division into cross–sections for the 2D process
analysis.

Accurate yet quick 3D composite processing models are required for the
optimisation of composites manufacturing process. Therefore, the Brite Euram
project Precimould (BE97–4351) was started in 1997. The project addressed
thermoset CFRP composites, based on both unidirectional and woven fabric
reinforcement. The goal of the project was to predict tooling geometry corrections
and processing boundaries to achieve accurate complex 3D shapes, based on a
scientific understanding of materials and processing factors affecting composite part
accuracy. The project closed in 2001, providing promising qualitative predictions
of the distortions of full 3D demonstrator parts. Part of the work described in this
thesis was executed within the Precimould project.

Recognising the growing market for rapid formable thermoplastic composites,
the Netherlands Agency for Aerospace Programmes granted the project ‘High
Precision Rubber Pressing’ (MRP, BRP 49209UT), which ran from 2000 until
2004. The project aimed at predicting the shape distortions of woven fabric reinforced
thermoplastic products formed with the rubber pressing process. The larger part of
this thesis concerns the research performed within the MRP project.
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1.5 Objective

The objective of the current study is to develop a design tool that predicts the
process–induced shape distortions of woven fabric reinforced composites in order to
correct the tools beforehand, taking into account the stresses arising from anisotropic
material behaviour and from tool–part interaction. A finite element model is
developed, which is both numerically efficient and accurate in the description of the
primary distortional factors.

1.6 Outline

This thesis consists of three main chapters, successively taking the modelling
involved with woven fabric composites processing to a higher level of complication.
Spring–forward of corner sections is a combined effect of material anisotropy and
product geometry. Linear thermoelasticity provides a convenient tool for first order
predictions of spring–forward. Hence, the anisotropic thermoelastic properties
of woven fabric composites are discussed in chapter 2. The linear thermoelastic
prediction of the spring–forward of singly curved woven fabric composites is
experimentally validated, after which the prediction is incorporated into a finite
element formulation for plate elements.

The curing of thermoset composites occurs only partially during slow heating up
to the cure temperature, where the largest part of the cure takes place. Thermal
gradients are small, especially for thin–walled products, hence the process is denoted
as ‘quasi–static’ in chapter 3. A viscoelastic material model is developed, which
describes the cure hardening behaviour of woven fabric thermoset composites. The
effect of different boundary conditions describing different manufacturing processes is
investigated. It is shown how the viscoelastic material model can be simplified to an
‘instantly viscous to elastic’ (IVE) material model.

In chapter 4, the instantly viscous to elastic material model is employed for the
prediction of the stress evolution in woven fabric thermoplastic composites. As
discussed, thermoplastic composites are manufactured ‘rapidly’, which can result in
large through–thickness thermal gradients. The warpage of rubber pressed woven
fabric composite panels is investigated experimentally and numerically. Stress induced
by mechanical tool–part interaction appears to be dominant over thermally induced
stress. Subsequently, the spring–forward of rubber pressed corner sections is discussed,
again demonstrating the dominance of the tool interaction. A numerical methodology
is presented which is able to incorporate the different stress factors observed in the
preceding part of the thesis. Finally, a summary of conclusions is presented in chapter
5, and recommendations for further research are provided.



Chapter 2

Thermoelastic approach

The origin of residual stresses in composite materials and their consequences on
shape distortions of composite products were discussed and classified in chapter 1.
The current chapter addresses the spring–forward phenomenon, which is a result of
anisotropic shrinkage. A large part of this shrinkage can be attributed to linear
thermoelastic effects. This is demonstrated with a convenient, two–dimensional (2D)
approach in section 2.1.

However, the 2D model requires the effective thermoelastic properties of a
composite in three dimensions. Therefore, an averaging method for the derivation
of these properties of a laminate consisting of unidirectional laminae is developed.
The method is described in section 2.1.

The focus of this thesis is on the manufacturing of composites with a woven fabric
reinforcement. The prediction of the effective properties of woven fabric composites
demands a micromechanics approach that takes into account the microstructure of
the woven reinforcement. A model is proposed in section 2.3, and its results are
compared to an approach in which the woven fabric composite is represented by a
UD crossply laminate (section 2.4).

The 2D spring–forward model is validated with experiments in the same section.
The experiments comprise the measurement of the thermally induced spring–forward
of singly curved panels, and the measurement of the total spring–forward by
comparing the dimensions of the tool and the panels.

In section 2.5, the validated 2D spring–forward model is incorporated in the
classical laminate theory (CLT) for the purpose of predicting the spring–forward
of doubly curved panels. The CLT model is subsequently incorporated in a finite
element formulation, and implemented in discrete Kirchhoff triangular elements. The
finite element model is validated with simulations of the spring–forward of a singly
curved panel.
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2.1 Spring–forward of angle shapes

Spring–forward was introduced in chapter 1 as the decrease of the enclosed angle of
an anisotropic corner section. In the past, extensive research has been performed
to analyse the spring–forward of anisotropic corner sections. The research is
briefly discussed here, making a distinction between three–dimensional (3D),
semi–three–dimensional (2.5D) and two–dimensional (2D) approaches.

Three–dimensional analyses of closed anisotropic cylinders have been reported since
the early seventies [20]. In 1991, Spencer, Watson and Rogers [21] proposed a linear
thermoelastic solution for the temperature–induced deformation of a thick laminated
cylindrical segment, taking into account radially varying stresses. They neglected a
possible tangential distribution of stress, for example induced by one–sided clamping
of a cylindrical segment. At the same time, Kollár and Springer [20] recognised the
need for a stress analysis of anisotropic laminated cylinders and cylindrical segments,
which also includes the circumferential variation of the stress. Their model, being
more general than that of Spencer, Watson and Rogers, allows for boundary conditions
other than free contraction. Later, Wiersma, Peeters and Akkerman [22] applied the
theory of linear thermoelasticity on a cylindrical arc segment consisting of multiple,
differently oriented layers. The displacement field derived by Kollár and Springer
[20] was solved applying the boundary conditions given by Spencer, Watson and
Rogers [21] while demanding continuity on the interfaces of adjacent layers. The
model provides the decrease of the enclosed angle due to cooling from the stress–free
temperature. This stress–free temperature is defined as the temperature at which
the resin is able to sustain stress and behaves completely elastically. A sensitivity
analysis showed that the radius to thickness ratio R/t is of negligible influence on the
prediction of the spring-forward. The model was checked by a linear thermoelastic
finite element analysis, showing good agreement between the numerical and analytical
solution.

Jain and Mai [23] simplified the problem considerably by using a 2.5D approach.
They modified ordinary plate analysis for the ‘thickening’ effect that is present in
anisotropic cylindrical segments, arriving at a form of the classical laminate theory
(CLT) that incorporates spring–forward of cylindrical shells. The approach matches
Kollárs approximation [24], which is discussed subsequently, of the full 3D solution
for R/t ratios larger than 2. Wang, Kelly and Hillier [25] cross–checked finite element
solutions using different element types (ABAQUS) with Jain and Mai’s approach.
They concluded that good agreement was obtained by stacking layers of homogeneous
solid elements to represent a laminated composite, but that the prediction using shell
or composite solid elements was found to be unsatisfactory.

After his earlier 3D analysis of cylindrical segments, Kollár proposed an
approximate analysis of the temperature–induced stresses and deformations of
composite shells [24]. Basically, he adapted the CLT for composite plates to include
the spring–forward phenomenon. The spring–forward is accounted for by introducing
an additional change of the curvature and accompanying bending moment. It was
concluded that the approximate analysis proved to give a high degree of agreement
with the ‘exact’ 3D solution for both symmetric and unsymmetric laminates for
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Figure 2.1: The increase of the enclosed angle of (a) an L–shape and (b) an arc section

R/t > 10. Very good agreement was reached for symmetric laminates already at a
ratio R/t > 2. Kollár’s approximation is utilised in a finite element formulation for
plate elements including spring–forward further in this chapter. More details are
discussed in section 2.5.

So far, the 3D and 2.5D analyses have been discussed without going into detail.
The following 2D derivation, which is a geometrical analysis, concisely demonstrates
the concept of spring–forward. Figure 2.1 shows the L–shaped part with enclosed
angle φ and the arc section with an initial enclosed angle φL, a thickness t and the
lengths of the top and bottom arcs, lt and lb respectively. Consider the arc section
before and after deformation. The variables in the deformed state are accented. The
change of the enclosed angle is derived according to:

∆φ = φ′ − φ =
l′t − l′b

t′
− φ =

(1 + εθ)
(1 + εr)

(lt − lb)
t

− φ

=
1 + εθ

1 + εr
φ − φ = φ

εθ − εr

1 + εr

(2.1)

where εr and εθ are the strains in the radial and tangential directions, respectively.
When the deformation is due to a stress–free, uniform change in temperature ∆T ,
equation (2.1) becomes:

∆φ = φ
(αθ − αr) ∆T

1 + αr∆T
(2.2)

where αr and αθ denote the effective coefficients of thermal expansion (CTEs) in the
in–plane and the through-thickness direction, respectively. When the contribution
of αr∆T in the denominator is neglected, then equation (2.3) agrees with the
two–dimensional thermoelastic solution proposed by O’Neill, Rogers and Spencer [26].
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The increase of the enclosed angle of the arc section φ implies an equally large decrease
of the angle φL enclosed by the two legs of the L–shaped part. Equation (2.2)
translates to:

∆φL = (180◦ − φL)
(αr − αθ) ∆T

1 + αr∆T
(2.3)

Obviously, the geometrical model does not take into account the deformations
induced by a non–symmetric lay–up or inhomogeneous cooling through the thickness,
unlike the three–dimensional thermoelastic models or the modified CLT approach
described earlier. However, it provides an easy to handle and rapid estimate of the
thermal spring–forward for symmetric, balanced laminates. Furthermore, it will be
demonstrated (section 2.5) that the 2D solution can be employed in FE simulations
of 3D geometries, even when they consist of non–symmetric or unbalanced laminates.

The critical condition is that the effective CTEs of the composite material be
known. It is that specific condition that requires particular attention, hence a
considerable part of this chapter will be dedicated to the derivation of these effective
CTEs.

The experimental determination of the mechanical and thermal properties of
composite materials is almost impracticable. The combinations of reinforcement and
matrix are numerous, and in each individual composite system many parameters
may vary and depend on the production process used. The volume fraction of
fibres is an obvious variable, but how to consider the fibre waviness in a fabric
reinforcement? Subsequently, the stacking of differently oriented plies influences the
thermomechanical behaviour of the composite at the laminate scale.

Hence, models have been developed to predict the properties of composites on
multiple scales, ranging from the fibre–matrix interphase to the laminate level. The
complexity of the models varies from highly simplified rules of mixture to full–scale
FE analyses. In this thesis, the focus is directed towards a prediction of the
thermomechanical properties of fabric reinforced composites at the laminate level,
taking into account the major architectural parameters at a relatively low cost.

First, an averaging method to calculate the 3D effective thermoelastic properties
of a composite laminate is discussed in section 2.1. From this analysis it is
demonstrated how the 3D properties of a crossply, being the simplest representation
of a biaxial fabric reinforced composite, can be derived. Then, section 2.3 addresses
the micromechanics of fabric weave composites. These micromechanics exploit the 3D
averaging method. The results of the ‘crossply weave’ analysis and the woven fabric
micromechanics are compared.

2.2 Effective three–dimensional laminate
properties

The CLT is probably the most widely applied theory for the prediction of the in–plane
stiffnesses and CTEs of laminated UD composites. As it is based on Kirchhoff’s
theory for thin plates, assuming plane stress and ignoring through–thickness strain,
its application is limited to the analysis of plate–like structures. The CLT fails as soon



2.2 Effective three–dimensional laminate properties 15

as through–thickness effects become dominant, e.g. in thick structures or concerning
the spring–forward of cylindrical segments.

Recognising the need for predictive tools that yield the effective 3D properties of
UD composites, ‘averaging’ methods [27, 28, 29, 30, 31] have been reported since
the early work by Pagano [32, 33] in the beginning of the seventies. The methods
share a common approach; the thermoelastic properties of the (sub–)laminae in a
composite laminate are averaged under certain assumptions regarding the stress and
strain state in the laminate. The approach and its assumptions are discussed in
the following section, successively distinguishing between mechanical and thermal
properties.

2.2.1 Mechanical properties

Figure 2.2 shows a laminate with differently oriented plies. The plies consist of
unidirectionally (UD) aligned fibres. A local 123–coordinate system is defined for
each ply, and referred to as the ply coordinate system. The global xyz–coordinate
system is referred to as the laminate coordinate system. The 1– and 2–axes are
oriented in the plane of the ply. The 1–axis coincides with the fibre direction, the
2–axis is defined perpendicular to that direction. The directions perpendicular to the
fibre are also called transverse directions. The properties in these directions are named
transverse properties. The plies are rotated with respect to the laminate coordinate
system. The angle of rotation is defined as the angle between the 1–axis and the
global x–axis. The 3–axis, which is normal to the plane of the ply, coincides with
the global z–axis. It is assumed that that the laminate is balanced and symmetric
in the analysis described in this section. Therefore, all stretch–bending couplings are
eliminated, and the elastic behaviour becomes independent of the stacking sequence.

1
2

3

x

y
z

Figure 2.2: Laminate stacked from differently oriented UD plies
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The linear elastic constitutive equation is written in the contracted matrix–vector
equivalent of the tensorial stress–strain relationship:

{σ} = [Q] {ε} (2.4)

The stiffness matrix [Q] is the inverse of the compliance matrix [S]:

[Q] = [S]−1 (2.5)

The compliance matrix relates the strains to the stresses according to:

{ε} = [S] {σ} (2.6)

or 

ε1

ε2

ε3

γ23

γ13

γ12


=



1
E1

−ν12
E1

−ν13
E1

0 0 0
−ν12
E1

1
E2

−ν23
E2

0 0 0
−ν13
E1

−ν23
E2

1
E3

0 0 0
0 0 0 1

G23
0 0

0 0 0 0 1
G13

0
0 0 0 0 0 1

G12





σ1

σ2

σ3

σ23

σ13

σ12


(2.7)

where γij is defined as the engineering shear strain, which equals twice the tensorial
shear strain:

γij = 2εij , i, j = 1, 2, 3, i �= j (2.8)

When it is assumed that the fibre shape and distribution are equal in both directions
2 and 3, the accompanying properties are equal. The material in that case is termed
transversely isotropic. The elastic properties Ei, νij and Gij , i, j = 1, 2, 3 of the UD
ply can be measured, or they can be predicted from the properties of the fibre and the
matrix. For the latter purpose, a large number of micromechanical models is available
in the literature. These models are not discussed in detail here, as excellent overviews
have been given by Hashin [34] and by Whitney and McCullough [35]. The analytical
models range from rules of mixture, where the properties of the matrix and the fibre
are simply averaged under the assumption of uniform stress or strain, to variational
methods such as the composite cylinder assemblage (CCA) that takes into account
the packing of the fibres [36].

The next step is to describe the constitutive equation of each ply in the global
laminate coordinate system. The following transformation of the local stresses and
strains is applied:

{σ}xyz = [T ] {σ}123 , {ε}xyz = [T ]−T {ε}123 (2.9)

where the transformation matrix [T ] rotates the in–plane principal axes 1 and 2 to
the global axes x and y around the normal 3– or z–axis [37]. The matrix is given here
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as

[T ] =


cos 2(θ) sin 2(θ) 0 0 0 −2 sin(θ) cos(θ)
sin 2(θ) cos 2(θ) 0 0 0 2 sin(θ) cos(θ)

0 0 1 0 0 0
0 0 0 cos(θ) sin(θ) 0
0 0 0 − sin(θ) cos(θ) 0

sin(θ) cos(θ) − sin(θ) cos(θ) 0 0 0 cos 2(θ) − sin 2(θ)


(2.10)

where θ is the angle between the 1– and x–axis. The superscript T , not to be confused
with the matrix [T ], indicates the transpose of the vector or matrix on which it
operates. Subsequently, the transformed constitutive equation is obtained:

{σ}xyz = [T ] [Q] [T ]T {ε}xyz = [Q∗] {ε}xyz (2.11)

Note that the transformations as defined by equations (2.9) and (2.11) do not require
the application of Reuter’s matrix. This matrix compensates for the factor of 2 in the
definition of the shear strains when the strains are transformed equally with respect
to the stresses (for example see [38]).

Equation (2.11) is elaborated further. The transformed constitutive equation of a
single lamina takes the form:

σx

σy

σz

σyz

σxz

σxy



(k)

=


Q∗

11 Q∗
12 Q∗

13 0 0 Q∗
16

Q∗
12 Q∗

22 Q∗
23 0 0 Q∗

26

Q∗
13 Q∗

23 Q∗
33 0 0 Q∗

36

0 0 0 Q∗
44 Q∗

45 0
0 0 0 Q∗

45 Q∗
55 0

Q∗
16 Q∗

26 Q∗
36 0 0 Q∗

66



(k) 

εx

εy

εz

γyz

γxz

γxy



(k)

(2.12)

where superscript k, which runs from 1 to the number of plies N , indicates the ply
number. It discriminates between ply properties and effective laminate properties,
which will be overlined with a bar. Note that the transverse shear components (xz–
and yz–directions) are uncoupled from the other components, which allows a separate
solution of the effective transverse stiffnesses as will be discussed further on.

The effective elastic properties of the laminate are now derived by expressing the
constitutive equations of the plies in the (unknown) effective laminate stresses and
strains. Firstly, assuming a uniform distribution of the in–plane strains through the
laminate thickness:

ε(k)
x = εx, ε(k)

y = εy, γ(k)
xy = γxy (2.13)

implies that the in–plane stresses may simply be averaged over the laminate thickness,
or:

σi =
1
H

N∑
k=1

h(k)σ
(k)
i , i = x, y, xy (2.14)

where h(k) is the thickness of ply k in the laminate with total thickness H. The
assumption of uniform strain is also known as the iso–strain condition. It corresponds
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to a parallel connection of the stiffnesses in terms of a mechanical analogy. The
assumption of uniform in–plane strain is also the basis of the CLT when bending is
not considered.

Secondly, the through–thickness (also named transverse) stresses are assumed to
be uniform over the laminate thickness. The assumption is based on equilibrium; any
transverse stress σz, σxz, σyz applied homogeneously to the laminate results in an
equally homogeneous transverse stress state in the individual plies. It translates to:

σ(k)
z = σz, σ(k)

xz = σxz, σ(k)
yz = σyz (2.15)

and, comparably to equation (2.14), this leads to averaged through–thickness strains:

εz =
1
H

N∑
k=1

h(k)ε(k)
z , γiz =

1
H

N∑
k=1

h(k)γ
(k)
iz , i = x, y (2.16)

Equation (2.15) is also known as an iso–stress condition. Roughly, the mechanical
analogy translates to a serial connection of the relevant stiffnesses, which are the
through–thickness stiffnesses in this case.

Basically, solving the ply constitutive equations (2.12) with the iso–strain and
iso–stress conditions, (2.13) to (2.16), yields the averaged, or effective, stiffness matrix
of the symmetric, balanced laminate:

σx

σy

σz

σxy

σyz

σxy


=



Q11 Q12 Q13 0 0 0
Q12 Q22 Q23 0 0 0
Q13 Q23 Q33 0 0 0
0 0 0 Q44 0 0
0 0 0 0 Q55 0
0 0 0 0 0 Q66





εx

εy

εz

γxy

γyz

γxy


(2.17)

Ivanov and Tabiei [39] concisely described the matrix manipulations which are
required to obtain the effective stiffness matrix. Bogdanovich and Pastore [40], Chen
and Tsai [27] and later Whitcomb and Noh [29, 31] elaborated the different coefficients
of

[
Q
]
. Indeed, the through–thickness stiffness reveals a series connection as a result

of the assumption of uniform through–thickness stress:

1
Q33

=
1
H

N∑
k=1

h(k) 1

Q
∗(k)
33

(2.18)

The other coefficients related to the thickness direction are written as:

Qi3 = Q3i = Q33

1
H

N∑
k=1

h(k) Q
∗(k)
i3

Q
∗(k)
33

, i = 1, 2, 6 (2.19)

The coefficients associated with the in–plane stresses and strains consist of a
dominating parallel connection of the in–plane stiffnesses and a part induced by the
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coupling with the through–thickness direction:

Qij =
1
H

N∑
k=1

h(k)Q
∗(k)
ij

+
Qi3Qj3

Q33

− 1
H

N∑
k=1

h(k)
Q

∗(k)
i3 Q

∗(k)
j3

Q
∗(k)
33

, i, j = 1, 2, 6

(2.20)

As discussed before, equation (2.12) shows that the transverse shear stresses σxz and
σyz remain uncoupled from the in–plane strains in the case of an in–plane rotation.
The two transverse shear directions are interconnected, however. Chen and Tsai [27]
showed that the through–thickness shear compliances are obtained according to:

Sij =
1
H

N∑
k=1

h(k)S
∗(k)
ij , i = 4, 5 (2.21)

where the compliances S∗
ij are obtained by inversion of the appropriate part of the

ply stiffness matrices:[
S∗

44 S∗
45

S∗
45 S∗

55

](k)

=

([
Q∗

44 Q∗
45

Q∗
45 Q∗

55

](k)
)−1

(2.22)

The analysis was restricted to symmetric laminates. This implies that each ply,
rotated through an angle θ with respect to the laminate x–axis, is matched by a ply
rotated through an angle of −θ. Closer examination of the accompanying compliance
matrices, not described here, reveals that the effective compliance S45 equals zero in
that case. The effective transverse shear stiffnesses are now derived by inversion of
the effective transverse shear compliances, equation (2.21):[

Q44 0
0 Q55

]
=
[

S44 0
0 S55

]−1

(2.23)

Obviously, inversion of the individual components is allowed in this case: Q44 = 1/S44

and Q55 = 1/S55.

2.2.2 Coefficients of thermal expansion

The effective coefficients of thermal expansion (CTEs) can also be obtained utilising
the procedure that was applied to predict the effective elastic properties. The ply
strains now consist of a mechanical and a thermal part:

{ε}(k)
xyz =

{
εmech

}(k)

xyz
+ {α}(k)

xyz ∆T (2.24)

where
{
εmech

}
denotes the mechanical part of the strain, α is the vector containing

the CTEs and ∆T represents a change of the temperature. The CTEs are transformed
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from the ply 123–coordinate system to the laminate xyz–coordinate system according
to the strain transformation described earlier with equation (2.9):



αx

αy

αz

0
0

αxy


= [T ]−T



α1

α2

α3

0
0
0


(2.25)

In order to obtain a solution for the effective CTEs {α} = {αx, αy, αz, 0, 0, 0}T , the
strains (2.24) are substituted in the stress–strain relations of each individual ply
(equation (2.12)). Then, the stress–strain relations are solved in accordance with the
iso–strain and iso–stress conditions, equations (2.13) to (2.16), for {ε} assuming zero
global stress ({σ} = {0}). Goetschel and Radford [28] provide closed form solutions
for symmetric, balanced laminates.

2.2.3 Approximating a woven fabric composite with crossply
properties

The next section (section 2.3) is devoted to the derivation of the effective thermoelastic
properties of fabric reinforced composites, taking into account the microstructure of
the material. But first, a simplified approach is presented. An orthogonal fabric
reinforced composite is represented by a crossply laminate, of which the plies coincide
with the warp and weft directions. The effective properties of the crossply laminate
are subsequently derived in closed form, applying the averaging method described in
the previous section.

The coefficients of
[
Q
]

(see equation (2.17)) can be simplified considerably for
laminates showing more axes of symmetry as a result of the stacking sequence. For
example, Akkerman [30] derived closed form equations for the engineering properties
of quasi–isotropic laminates expressed in the properties of a UD ply. A crossply
laminate exhibits equal properties in the xz– and yz–planes:



σx

σy

σz

σyz

σxz

σxy


=



Q11 Q12 Q13 0 0 0
Q12 Q11 Q13 0 0 0
Q13 Q13 Q33 0 0 0
0 0 0 Q44 0 0
0 0 0 0 Q44 0
0 0 0 0 0 Q66







εx

εy

εz

γyz

γxz

γxy


−



αx

αy

αz

0
0
0


∆T


(2.26)

The coefficients of
[
Q
]
, formulated in terms of the coefficients of the stiffness matrix
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[Q] of a UD ply, are deduced as:

Q11 =
1
2

(Q11 + Q22) − 1
4

(Q12 − Q23)
2

Q22

Q12 = Q12 +
1
4

(Q12 − Q23)
2

Q22

Q13 =
1
2

(Q12 + Q23)

Q33 = Q22

Q44 =
1
2

Q44Q66

Q44 + Q66

Q66 = Q66

(2.27)

where transverse isotropy of the UD plies was assumed. As discussed earlier, this
amounts to equal thermoelastic properties in the 12– and 13–planes, i.e. Q22 = Q33,
Q12 = Q13, etc. Equation (2.27) shows that the in–plane stiffness Q11 is basically
the average of the longitudinal and transverse stiffnesses of the UD plies, since the
difference between Q12 and Q23 is relatively small compared to Q22. Accordingly,
the crossply coefficient Q12 is very similar to the UD coefficient Q12. The normal
through–thickness stiffness Q33 and in–plane shear stiffness Q66 of the crossply appear
to be equal to the UD stiffnesses Q33 = Q22 and Q66, respectively. For Q33, this is
directly visible in equation (2.18).

The CTEs can also be expressed in the coefficients of [Q], but a formulation in
terms of the UD engineering properties is more convenient:

αx = αy =
(E1 + ν12E2) α1 + (ν12) E2α2

E1 + (1 + ν12) E2

αz =
(ν12E2 − ν23E1) α1 + ((1 + ν23) E1 + (1 + ν12) E2) α2

E1 + (1 + ν12) E2

(2.28)

Akkerman [30] derived these averaged CTEs for quasi–isotropic (QI) laminates. A QI
laminate is basically built up from differently oriented crossply sublaminates. Such a
crossply sublaminate has equal CTEs in the two in–plane directions 1 and 2, which
makes it planar isotropic. A laminate stacked from these sublaminates will exhibit the
same thermal expansion as the individual sublaminates. Therefore, equation (2.28)
applies to QI as well as crossply laminates.

Equations (2.27) and (2.28) provide useful, quick estimates for the first–order
modelling of fabric weave composites. However, neglecting the undulation of the
fibres affects the calculated properties. Hence, a model including the fibre waviness is
subsequently proposed. The results of both approaches will be presented further on.

2.3 Woven fabric composites

Woven fabric composites offer interesting advantages with respect to composites
laminated from UD plies. The interlacing of the yarns improves the through–thickness
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behaviour resulting in an increased impact resistance, for instance. Fabric composites
are easy to handle and remain coherent at elevated temperatures, a benefit that allows
for the draping of parts with a complex geometry.

A disadvantage of woven fabric composites is the complexity of their architecture,
complicating the theoretical analysis of their performance with respect to stiffness
and strength. Much research has been performed in this area, which was extensively
reviewed by Tan, Tong and Steven [41] in 1997. The common goal was mainly to
provide functional tools that evaluate the effects of the fabric parameters on the
mechanical behaviour. Included are the properties of the constituent and their volume
fraction, the weave type, yarn waviness, etc. Tan, Tong and Steven concluded that
FE may become a powerful tool in the future for studying the mechanical properties
of textile composites.

Verpoest et al. [42] classified the available models according to their predictive
accuracy and computational efficiency. The coarsest yet fastest models are the ones
referred to as orientation averaging techniques, also known as fabric geometry models.
Included are the Reuss, Voigt and the Series/Parallel models, which predict resin
dominated properties, such as the shear moduli, poorly. The best accuracy, depending
on the level of detail addressed, is obtained by the FE–based models. However, full 3D
meshing of woven fabric composites becomes inefficient or even impracticable when
simulating full product geometries.

The fabric composite model presented here belongs to the class of orientation
averaging techniques. Its basis stems from the early work by Naik and Shembekar
[43, 44] on plain weave fabrics. Akkerman and De Vries [45] extended the study to
a prediction of the elastic and thermal properties of 5–harness (5H) satin weaves.
Here, their CLT based analysis is extended to a 3D model as described in previous
publications [46, 47].

The thermoelastic properties of a single ply of fabric are derived, taking into
account the following assumptions:

1. A fabric layer is always matched by a mirrored layer to rule out bending effects
resulting from the unbalanced character of certain weave types, e.g. satin
weaves. Thereby, the analysis is restricted to symmetric, balanced laminates;

2. The stacking sequence of the different fabric layers into a laminate is not
considered. The effective properties of the individual plies are available for
further modelling on the laminate scale;

3. Nesting of adjacent fabric layers is not considered.

The structure of the analysis is as follows. First, it is described how a fabric composite
layer can be divided into repetitive units, which consist of ‘cells’. The division is
merely a geometrical analysis. The geometrical analysis is restricted to orthogonal
weaves, where the two yarns are oriented perpendicularly with respect to each other.
The influence of intraply shear, or skew, on the fabric geometry is taken into account
separately. Secondly, it is shown how the effective thermoelastic properties of the
cells can be derived. The 3D averaging method, which was developed in the previous



2.3 Woven fabric composites 23

section, is utilised for this purpose. Finally, the thermoelastic properties of the fabric
composite layer are derived.

2.3.1 Geometrical description of a fabric weave

A repetitive unit, also known as repetitive volume element (RVE), can be discerned
in each fabric weave pattern, as shown for a plain, twill and 5H satin weave in figure
2.3.

warp

fill

repetitive unit

(a) (b) (c)

Figure 2.3: Repetitive units in fabric weaves: (a) plain, (b) 2/2 twill and (c) 5H satin

The RVE represents the behaviour of the fabric layer on the macroscopic scale.
Therefore, the thermoelastic properties of the woven fabric composite lamina are
obtained by homogenising the properties of the repetitive unit. Figure 2.4 shows how
the repetitive unit is further dissected into regions, of which three major types are
recognised [48]: 1) a crossply region in which the two yarns are both straight, named
cell A; 2) cell B containing one straight and one undulating yarn and 3) a region
where both yarns are undulated, or cell C. Within these regions a further distinction
can be made between the undulation of the warp or fill yarn, and which yarn is on
top.

A distinction can be made between three constituents in each cell: a warp yarn,
a fill yarn and pure matrix material. Their boundaries are described using shape
functions. Often, sinusoidal functions are applied; here the cross–section of the yarns
is assumed to be elliptical following the recent work by Lamers [10]. Consider a
cross–section of cell B that includes an undulated yarn, which runs over the elliptical
cross–section of a second yarn, see figure 2.5. They are arbitrarily called warp (W )
and fill (F ), respectively.

The parameter a denotes the total width of the cell, a0 and au indicate the
straight part and the undulating part of the bundle, respectively. These parameters
may either be retrieved from microscopic analysis [45], or from the ‘yarn count’ in
combination with the thickness of the fabric. The yarn count, which is often provided
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C

A

B

dxdy

Figure 2.4: Subdivision of a biaxial weave into cells A, B and C; within a cell, the
infinitesimal piece with dimensions dy× dx can be regarded as a laminate
consisting of matrix regions, a UD warp yarn and a UD fill yarn

a0

a

au

b

Fe

Fu

x

Figure 2.5: Shape functions describing the elliptical cross–section and the undulation
of a yarn

by the manufacturer, gives the number of yarns per (deci–)meter. The parameter
b corresponds with the location where the warp yarn departs from the elliptically
shaped fill yarn. The shapes of the fill yarn and the warp yarn are described by Fe

and Fu, respectively. The shape functions Fe and Fu are defined as:

Fe(x) =


1 x ∈ [0, a0]√

1 − (x − a0)
2

a2
u

x ∈ [a0, a0 + au]
(2.29)
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The undulating yarn is sectioned in three parts:

Fu(x) =


1 x ∈ [0, a0]√

1 − (x − a0)
2

a2
u

x ∈ [a0, b]

c(x − a) x ∈ [b, a]

(2.30)

where the coefficient c is defined as:

c = − 1√
(a0 − a)2 − a2

u

(2.31)

The point b at which the undulating yarn separates from the elliptical cross–section
can be derived as:

b = a0 +
a2

u

a − a0
(2.32)

It is recognised that the thickness of the yarn is affected by the undulation in the
current description. This has no major effect on the results for angles of up to 20◦

according to Falzon and Herzberg [49]. The tools are now available to describe the
three cells A, B and C. Figures 2.6, 2.7 and 2.8 show the three cells with the functions
of the planes h0 to h5. The origin of the coordinate system lies on the midplane of the
cells. By definition, the warp direction coincides with the x-axis and the fill direction
with the y–axis. The total thickness of the cells is denoted by h, the thickness of the
stacked yarns by ht.

h0 = −h
2h0 = −h
2h0 = −h
2h0 = −h
2h0 = −h
2

h1 = −ht

4 (1 + Fe(x))h1 = −ht

4 (1 + Fe(x))h1 = −ht

4 (1 + Fe(x))h1 = −ht

4 (1 + Fe(x))h1 = −ht

4 (1 + Fe(x))

h2 = −ht

4 (1 − Fe(x))h2 = −ht

4 (1 − Fe(x))h2 = −ht

4 (1 − Fe(x))h2 = −ht

4 (1 − Fe(x))h2 = −ht

4 (1 − Fe(x))

h3 = ht

4 (1 − Fe(y))h3 = ht

4 (1 − Fe(y))h3 = ht

4 (1 − Fe(y))h3 = ht

4 (1 − Fe(y))h3 = ht

4 (1 − Fe(y))

h4 = ht

4 (1 + Fe(y))h4 = ht

4 (1 + Fe(y))h4 = ht

4 (1 + Fe(y))h4 = ht

4 (1 + Fe(y))h4 = ht

4 (1 + Fe(y))

h5 = h
2h5 = h
2h5 = h
2h5 = h
2h5 = h
2

h
ht

Figure 2.6: Cell A, two straight yarns
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h0 = −h
2h0 = −h
2h0 = −h
2h0 = −h
2h0 = −h
2

h1 = −ht

4 (Fe(x) + Fu(y))h1 = −ht
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4 (1 − Fe(y))h3 = ht
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4 (1 + Fe(y))h4 = ht
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2h5 = h
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2

Figure 2.7: Cell B, a straight and an undulated yarn
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2h0 = −h
2
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4 (−Fe(x) + Fu(y))h2 = −ht
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2

Figure 2.8: Cell C, two undulated yarns

2.3.2 Mechanical and thermal properties

The distribution of the warp yarn, the fill yarn and the pure matrix across the
thickness is known at any point (x, y) once the shape functions h(x, y) are specified.
Therefore, the averaging technique that was elaborated in section 2.1 can be applied
to the infinitesimal piece of the laminate dx × dy as shown in figure 2.4 to obtain its
mechanical and thermal properties:

{σ(x, y)} =
[
Q(x, y)

]
({ε} − {α}∆T ) (2.33)

The warp and fill yarns are regarded as UD material in the infinitesimal block. The
difference with ‘ordinary’ laminates built up from UD plies is the undulation of the
yarns out of the plane. Consequently, the stresses, stiffnesses and strains require a
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corresponding transformation that translates to:

{σ} = [Tz] [Q∗] [Tz]
T {ε}

= [Q∗∗] {ε} (2.34)

where [Q∗] is the stiffness matrix, which is obtained by an in–plane rotation of the local
fibre (yarn) axes to the global laminate axes, as defined in equations (2.9) to (2.11).
The transformation matrix [Tz] is derived similarly as the in–plane transformation
matrix [T ] [37], but now holds quadratic functions of sin θz and cos θz. The angle θz

denotes the angle that the warp or fill yarn makes with the horizontal plane, derived
from the appropriate shape functions:

θW
z =

∂h(x, y)
∂x

θF
z =

∂h(x, y)
∂y

(2.35)

when the warp and fill directions coincide with the x– and y–directions, respectively.
The mechanical and thermal properties of each cell A, B and C are obtained by

integrating the averaged constitutive equation (2.33) over the in–plane dimensions of
the cells. This integration can be performed in two ways. Firstly, the parallel/parallel
(PP) scheme assumes uniform in–plane strain, which implies:

[
Q̃PP

]
=

1
a2

a∫
0

a∫
0

[
Q(x, y)

]
dxdy (2.36)

Secondly, the compliance matrix
[
S(x, y)

]
=
[
Q(x, y)

]−1
may be averaged according

to the series/series (SS) scheme, or:

[
S̃SS

]
=

1
a2

a∫
0

a∫
0

[
S(x, y)

]
dxdy (2.37)

The integrals are solved numerically by applying Gaussian quadrature [45]. The PP
and SS scheme provide an upper and lower boundary for the stiffnesses, respectively.
The averaged CTEs are obtained by integration of the thermal stresses according to
a PP connection:

{
α̃PP

}
=
[
S̃PP

] 1
a2

a∫
0

a∫
0

[
Q(x, y)

] {α} dxdy (2.38)

or more directly according to the SS method:

{
α̃SS

}
=

1
a2

a∫
0

a∫
0

{α(x, y)} dxdy (2.39)
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Contrary to the stiffnesses, the PP and SS schemes now result in a lower and upper
boundary for the effective CTEs, respectively.

As seen previously, the three cells A, B and C construct the RVE geometrically.
Its mechanical and thermal properties are deduced by applying a parallel connection
of the cells A, B and C bearing in mind their orientation in the RVE. Thus, the
stiffnesses and CTEs of the cells are averaged:

[
Q̂
]

=
NA

[
Q̃A

]
+ NB

[
Q̃B

]
+ NQ

[
Q̃Q

]
NA + NB + NQ

{α̂} =
NA [α̃A] + NB [α̃B ] + NQ [α̃Q]

NA + NB + NQ

(2.40)

where NA, NB and NC are the numbers of cells A, B and C present in the woven fabric
reinforced layer. The stiffness matrices

[
Q̃
]

may either be computed using equation
(2.36) or with the inverse of the compliance from equation (2.37). The CTEs can be
calculated from (2.38) or (2.39).

Recapitulating, [Q̂] and {α̂} respectively represent the averaged stiffness matrix
and CTEs of a single layer within a woven fabric composite laminate. Further
thermoelastic analysis on the laminate scale, taking into account differently oriented
fabric layers, requires a model on the laminate scale. The averaging model discussed
in section 2.1, which yields the effective 3D laminate properties, can be employed
for this purpose. Then, the fabric layer stiffnesses and CTEs are used as the input.
Further, the CLT can be used for fabric reinforced laminate composites as well as for
composites consisting of UD plies. Again, [Q̂] and {α̂} serve as input in this case. Note
that any unbalance, which occurs with certain weave patterns, is not accounted for in
the woven fabric model presented here. A model which includes possible unbalance
of weaves was presented by Lamers [10].

2.3.3 Fibre volume fraction in the yarns

The yarns were considered as UD material in the woven fabric mechanics. Their
thermoelastic properties are therefore calculated with micromechanics for UD plies
as mentioned in subsection 2.2.1. These micromechanics require the fibre volume
fraction V W,F

f in the separate warp or fill yarn. It is related directly to the overall
fibre volume fraction Vf according to:

V W,F
f =

Ω
ΩW,F

Vf (2.41)

where Ω and ΩW,F represent the volume of a cell and of the warp or fill yarn,
respectively. The latter is derived by integration of the volume between the shape
functions.
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2.3.4 Intralaminar shear

The well–known drapability of fabrics is attributed to their small in–plane (or
intralaminar) shear stiffness. The points where the weft and warp yarns cross over
act as pivoting points, giving large rotational freedom to the yarns. When a fabric or
fabric composite is draped, the angle between the weft and warp yarn changes locally.
This change affects the local thermoelastic properties of the fabric composite.

Up to this point, only orthogonal weaves were considered. Intralaminar shear and
its consequences are not the main concerns of this thesis and for a more in–depth study
of these specific subjects, the reader is directed to the recent work by Lamers [10]. He
presented a step by step methodology for the modelling of shape distortions induced
by fibre reorientation. Here, the effect of intralaminar shear (or skew) on the weave
geometry is addressed briefly.

Intralaminar shear of a fabric weave transforms the initially orthogonal axes to
sheared axes. The shear transformation is shown in figure 2.9. The area of the
skewed fabric has decreased with respect to the initially orthogonal fabric. Assuming
incompressibility of the composite during draping, which seems acceptable regarding
the liquid state of the matrix, translates to an increase of the thickness, or:

h(x′, y′) =
1

sin(ϕ)
h(x, y) (2.42)

where h(x, y) is the thickness of the orthogonal fabric and ϕ is the angle between the
warp and weft yarn after the intralaminar shear deformation.

x

y y′

ϕ

Figure 2.9: Initial and sheared axes

2.4 Results of the analytical approach

The previous sections discussed the analytical prediction of the spring–forward of arc
sections, and the derivation of the required three–dimensional thermoelastic properties
of both UD and woven fabric composites. In this section first, a comparison is made
between the crossply model, the woven fabric model and experimentally obtained
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Property Unit Carbon fibre PEI

E1 GPa 231 3
E2 GPa 40 3
G12 GPa 24 1.1
G23 GPa 14.4 1.1
ν12 - 0.26 0.36
ν23 - 0.39 0.36
α1 10−6/◦C -0.5 56
α2 10−6/◦C 5.6 56
ρ kg/m3 1.76 1.28

Table 2.1: Thermoelastic properties of Torayca
T300JB carbon fibre [50] and
ULTEM c©1000 PEI (suppliers data,
own measurements [45])

results. Secondly, the predicted and measured spring–forward of shallowly curved
specimens are compared and discussed.

2.4.1 Thermoelastic properties of carbon/PEI

Two methods for the prediction of the thermoelastic properties of woven fabric
composites were proposed: a) treating the fabric weave as a crossply laminate, and
b) taking into account the undulation of the yarns. Both predictions are compared to
measured properties of carbon woven fabric reinforced polyetherimide (carbon/PEI)

Table 2.1 shows the elastic and thermal properties of the Torayca T300 JB carbon
fibre and the GE ULTEM c© 1000 (PEI) thermoplastic matrix. The subscripts 1 and 2
of the properties in table 2.1 respectively denote the fibre direction and the direction
perpendicular to the fibre, if applicable. The properties of the dry carbon woven
fabric (CD286) were supplied by the manufacturer (Ten Cate Advanced Composites):
the warp count and fill count were 700 yarns/m, the areal density 0.285 kg/m2. These
parameters, together with the thickness of the carbon/PEI laminate and the density
of its constituents, can be used for the calculation of the fabric parameters h, ht, a, a0

and au as defined in the previous section. Here, values determined by microscopy [45]
were applied: h = ht = 0.32 mm, a = au = 1.5 mm.

The predicted and measured thermoelastic properties of the carbon/PEI woven
fabric composite are compared in table 2.2. The elastic properties of the yarns and
the UD plies in the woven fabric model and crossply model, respectively, are calculated
with the CCA method, the thermal properties with the Schapery rules of mixture [51].
The results in table 2.2 show reasonable agreement between the measured elastic
properties and the predictions of the woven fabric (WF) model. As expected, the
measured in–plane moduli of elasticity Ex and Ey lie between the predictions of the
WF model with the PP and SS configurations. The in–plane shear modulus agrees well
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Property Unit Experimental WF PP WF SS Crossply

Ex, Ey GPa 56 62 54 63
Ez GPa – 9.4 8.9 9.4
Gxy GPa 3.5 3.5 3.4 2.9

Gxz, Gyz GPa – 3.8 3.5 2.8
νxy – 0.052 0.039 0.037 0.038

νxz, νxz – – 0.44 0.46 0.43
αx, αy 10−6/◦C 4.1 3.6 3.9 3.5

αz 10−6/◦C – 55 57 57
αz

† 10−6/◦C 57 51 54 53

Table 2.2: Thermoelastic properties of 5H satin woven fabric carbon/PEI
(Vf = 50%), measured [52, 53] and calculated with woven fabric
(WF) micromechanics and crossply model; †Vf = 54%

for both PP and SS models. The in–plane Poisson’s ratio νxy is predicted considerably
lower relative to the measurement; the difference is approximately 27%. The PP and
SS configurations of the WF model both underestimate the in–plane CTEs; the SS
configuration agrees best with a deviation of 5%.

The through–thickness CTE αz was not measured for the laminate with a fibre
volume fraction of 50%. The specimens, which were specifically prepared for the
expansion measurement with a dilatometer [46], had a fibre volume fraction of 54%.
The WF prediction of αz is presented for both laminates. It shows that the PP and
SS models both underestimate the measurement, where it was expected that the PP
and SS models would provide a lower and upper bound, respectively.

Experimental data on the through–thickness shear moduli Gxz and Gyz and
the Poisson’s ratios νxz and νyz of 5H satin weave carbon/PEI was not obtained.
Apparently, the PP model gives a higher prediction than the SS model regarding the
shear moduli, about 10%. The predicted through–thickness Poisson’s ratios show a
difference of about 5%.

The sixth column of table 2.2 contains the predictions calculated with the UD
crossply model. Comparing these predictions with the results from the woven
fabric model, it is observed that the crossply model yields results equal to the PP
configuration. Only the shear moduli disagree; the relative differences are 17% and
26% in the case of Gxy and Gxz, respectively. Apparently, the 5H satin weave
composite behaves as a non–woven crossply except for the shear moduli. Pandey
and Hahn [50] arrived at a similar conclusion for an 8H satin weave composite. It
may be expected that the differences between the WF and crossply models become
more pronounced for a weave with more undulation, for example a plain weave. The
main properties of a plain weave with the same yarn count and areal density as the 5H
satin weave discussed above, were calculated with the WF model (PP configuration)
as Ex = 60 GPa, Ez = 9.3 GPa, Gxy = 3.5 GPa, Gxz = 4.4 GPa, αx = 4.0 · 10−6/◦C
and αz = 55 · 10−6/◦C.
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The differences between the computed elastic properties of a 5H satin and plain
weave are not large, except for the through–thickness shear moduli. The increase
of the undulation results in an increase of these moduli of about 20%, whereas the
other properties change by 10% maximally (αx). Hence, it seems justified to use the
crossply model as an estimator for the thermoelastic properties of a plain weave if the
through–thickness shear moduli are left out of consideration.

The woven fabric model shows reasonable agreement with the measured
thermoelastic properties in the case of the 5H satin weave carbon/PEI composite, as
was discussed above. The WF model belongs to the class of orientation averaging
techniques, which were said to give fast yet inaccurate results for the matrix
dominated properties. A preliminary conclusion might be that the WF model,
as presented here, lacks the level of sophistication to predict all thermoelastic
properties within an acceptable accuracy of, say, 5%.

Yet, all models ranging from the averaging techniques to complete FE meshes of
fabric weaves require the input of the properties of the constituents of the composite:
the fibres and the matrix. Roughly spoken, the thermoelastic properties of the mostly
isotropic matrix can be measured directly with a high degree of accuracy. The same
applies for the properties of the fibre material in the fibre direction. The longitudinal
Young’s modulus can be measured well with a tensile test. Direct measurements of
the properties in the directions perpendicular to the fibre become difficult or even
impossible. Therefore, transverse fibre properties are deduced from measurements on
(UD) composite material in combination with (UD) micromechanics. In other words,
transverse fibre properties are engineered, hence their accuracy remains disputable.
Subsequently, all micromechanics models, the coarse as well as the sophisticated,
inherit this (in)accuracy.

2.4.2 Measuring spring–forward of shallowly curved strips

The previously described theory – a geometrically derived expression (equation
(2.2)) combined with 3D thermoelastic properties – predicts the linear thermoelastic
spring–forward of cylindrical arc sections due to uniform temperature changes. Here,
the theory is validated with an experimental procedure. The measurement of the
thermally induced spring–forward of shallowly curved carbon/PEI strips is described.
The dimensional change as a result of a uniform temperature change of curved
specimens was measured with a dilatometer type set–up as described previously
[46, 47].

Specimens

The specimens used for the tests were strips cut out of singly curved panels. A sketch
of the strips is depicted in figure 2.10, with dimensions w = 30 mm, lt = 85 mm,
l = 72 mm, R = 46 mm, h = 17 mm and t = 2.4 mm. The panels were moulded from
woven fabric reinforced polyetherimide (PEI, ULTEM� 1000) prepregs, supplied by
Ten Cate Advanced Composites. The fabric consisted of Toray T300JB carbon fibres
woven according to a 5H satin pattern. Two types of 8–ply laminates were produced.
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Figure 2.10: The curved strip configuration as used in the spring–forward
measurements

One type was stacked as a crossply laminate, the other contained plies at an angle
of 45◦ to the other layers, representing a more or less QI material. Symmetry on
the laminate scale was ensured by appropriate stacking of the non–symmetric 5H
weave plies. The production cycle was similar for both laminates. First, the 8 plies
of prepreg were pressed to a plate into a 390 × 390 mm2 flat steel mould using a
Fontijne Grotnes flat platen press. This was achieved by pre–heating to a temperature
of 310◦C at 6 bar during 10 minutes, moulding at 8 bar during 20 minutes and cooling
to ambient temperature at a rate of 5◦C/min. Then, the plate was cut into 4 panels
of size 160 × 170 mm2, after the disposal of 20 mm of each edge. These were pressed
to curved panels at Stork Fokker AESP, Hoogeveen, The Netherlands. This was
achieved by pre–heating the flat laminate in an infrared oven after which the plate
was press–formed between a positively shaped steel mould and a negatively shaped
rubber tool. The process will be discussed in more detail in chapter 4. The resulting
panels were checked for irregularities by means of an ultra–sonic scanning device and
they were cleared of scrap edges.

Dilatometer configuration

Generally, a dilatometer measures small temperature dependent displacements. Here,
a variant of the ASTM D–696 [54] standardised dilatometer for the measurement of
the coefficient of linear thermal expansion of plastics was designed. A schematic
picture of the experimental set-up is shown in figure 2.11.

The specimen rests on a quartz glass plate, which is melted onto three quartz
glass rods. These are glued to a steel flange using a special adhesive. On this flange,
the displacement transducer is fixed at a height adjustable clamp. The transducer,
a Heidenhain MT 12 micrometer, measures the displacement of the quartz glass
measuring rod that rests on the specimen. The rod is prevented from sliding off the
curved strip by means of a small notched aluminium ring, which is placed loosely on
the top edge of the strip. The dilatometer with the curved strip specimen is immersed
in a Tamson T1000 temperature controlled liquid bath. The liquid (glycerine) is
circulated by an internal pump through the 5 liter bath, so the heat is homogeneously
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heated glycerine bath

micrometer

quartz glass supporting rod

supporting bar

curved specimen

quartz glass measuring rod
adjustable fixture

steel flange

Figure 2.11: Dilatometer set–up for the measurement of displacements due to a
temperature change

distributed. As a result, the thermal gradient across the height of the specimen is
negligible. The glycerine can be cooled by a cooling liquid, which is pumped through
a spiral tube placed against the wall of the bath. The affinity of the carbon/PEI
test material with the glycerine was tested by recording the transverse strain of
unidirectional samples during an immersion of 72 hours. The material showed no
measurable swelling that might influence the spring–forward measurements. The
displacement of the micrometer, the temperature of the specimen (top and bottom)
and the temperature of the steel flange and mounting of the micrometer were recorded.
The latter did not increase very much due to the thermal insulation of the bath:
about 3 ◦C at a testing temperature of 70◦C. The dilatometer was calibrated by
recording the thermal expansion of an 85 mm long block of Zerodure� quartz glass
(α = 1 · 10−7◦C−1).

Results and discussion

The end–to–end length lt and the height h of the curved strip specimens were
measured as a function of the testing temperature. An example of this temperature,
measured with a thermocouple, is shown in figure 2.12.

The ‘kink’ at 57 minutes results from an increase of the cooling rate, induced by
an increase of the flow of the coolant through the spiral tube in the glycerine bath.
A typical curve of the spring–forward measurement is shown in figure 2.13, where lt
is recorded during the heating and cooling as was shown in figure 2.12.
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Figure 2.12: Specimen temperature during dilatometer measurement

0.07

temperature (◦C)

ch
an

g
e

o
f
le

n
g
th

(m
m

)

cooling

heating

20 30 40 50 60 70

0

0.01

0.02

0.03

0.04

0.05

0.06

Figure 2.13: Measured change of length (∆lt) of the carbon/PEI curved specimens as
a function of temperature

The part of the curve related to the heating stage is not as smooth as the part
during cooling. This effect is due to the rather uncontrolled heating system of the
glycerine bath that operates at a rate of 5◦C/min, which is considered too high for
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the composite specimens. The cooling rate was approximately 1◦C/min, resulting
in a smooth, linear curve. Through this part, a linear curve was fitted of which
the direction cosine is taken as the parameter for comparison with the theoretical
predictions of the change of the length lt and h. These relate to the enclosed angle φ
and the radius R of the cylindrical part (at room temperature) according to:

lt(∆T ) = 2R (1 + αr∆T ) sin
(

φ

2
(1 + αθ∆T )
(1 + αr∆T )

)
+ (lt − l) (1 + αθ∆T ) (2.43)

and

h(∆T ) = (R + t) (1 + αr∆T )
(

1 − cos
(

φ

2
(1 + αθ∆T )
(1 + αr∆T )

))
+ t (1 + αr∆T ) (2.44)

Expressions (2.43) and (2.44) were obtained by substitution of equation (2.2) into
the trigonometric relations for an arc section (l = 2R sin(φ/2), h = R(1− cos(φ/2))),
and taking into account the deformation of the straight parts. The influence of the
two radii at the outer edges of the arc l is neglected. Evaluating (2.43) and (2.44)
numerically shows that they behave linearly in the temperature range of 20◦C to 70◦C
as applied in the measurements, which justifies the linear curve fitting as discussed
above. The enclosed angle φ was not measured; it was computed with trigonometry
(φ = 2arcsin(l/(2R))). The results of the measurements of the changes of the arc
length and height, respectively expressed as ∆lt/∆T and ∆h/∆T , are shown in figure
2.14, where they are compared to the theoretical predictions.
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Figure 2.14: Measured and predicted dimensional changes of woven fabric carbon/PEI
curved specimens

The theoretical predictions are denoted by ‘PP model’ and ‘SS model’, which refers
to the micromechanical models (section 2.3) that were applied for the estimation of
the CTEs of the carbon/PEI composite.

It can be seen that the calculated and measured results agree very well. For the
end–to–end length lt, the measured change lies below the upper and lower limits,
predicted by the SS and PP model respectively. The relative difference between the
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measurement and the PP prediction is 1%, and between the measurement and the SS
prediction 6%. The relative differences between the measured and predicted changes
of the arc height are within 1.5%.

The results of the measurements can be processed in an alternative manner. It was
discussed that the dimensional changes are related effectively linearly to the change
in temperature. Developing equations (2.43) and (2.44) to second order Taylor series
and subsequent differentiating with respect to ∆T yields two equations that are linear
in αr and αθ:

−Rφ

(
cos

(
φ

2

)
− 2 sin

(
φ

2

))
αr +

(
Rφ cos

(
φ

2

)
+ lt − l

)
αθ =

∆lt
∆T

(2.45)

(
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)
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2
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(
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)))
αr

+
(

tφ

2
sin

(
φ

2

)
+

Rφ

2
sin

(
φ

2

))
αθ =

∆h

∆T

(2.46)

Equations (2.45) and (2.46) are solved for αr and αθ after substitution of the measured
direction cosines ∆lt

∆T and ∆h
∆T . The CTEs are compared to the measurements and

predictions that were discussed previously in table 2.2. The CTEs αθ and αr

correspond to αx and αz, respectively.

Property Unit Spring–forward Experimental WF PP WF SS

αθ 10−6/◦C 3.8 4.1 3.6 3.9
αr 10−6/◦C 58 – 55 57

Table 2.3: Coefficients of thermal expansion of 5H satin carbon/PEI
(Vf = 50 %) derived from spring–forward measurements compared
to the experimental results and theoretical predictions of table 2.2

Indeed, the same agreement between experimental and theoretical results is observed
in table 2.3 as in figure 2.14. It is concluded that the linear thermoelastic equation
(2.2) provides a confident estimate of the thermally induced spring–forward of the 5H
satin weave carbon/PEI composite studied here.

Now, it is demonstrated how the thermally induced spring–forward compares to
the total spring–forward of the curved panels. The total spring–forward is calculated
by comparing the dimensions of the tool with the dimensions of the panels at room
temperature. The dimensions of the arc specimens, such as the inner radius R and
arc length l were measured. The enclosed angle was computed. The inner radius
was measured by optical comparison with circles, which were drawn with technical
drawing software. The accuracy of the measurement of the radius and arc length
were limited to 0.25 mm and 0.1 mm, respectively. The enclosed angle is particularly
sensitive to small variations of R, limiting the accuracy of the determination of the
enclosed angle to ± 0.5◦.
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The thermally induced spring–forward is calculated with equation (2.2) assuming
a temperature drop of 195◦C, which is the difference between the glass transition
temperature Tg of the PEI matrix and the room temperature. It is assumed that the
matrix instantly converts from rubbery to fully elastic when cooled through Tg, which
is a highly simplified representation of the actual behaviour of the material. However,
it suffices for the current modelling. The CTEs of the carbon/PEI composite are
taken to be independent of the temperature. Figure 2.15 presents the measured total
spring–forward and the thermally induced spring–forward. The latter was calculated
with the CTEs from the WF micromechanics model and by extrapolation of the
spring–forward measurements conducted between 20◦C and 70◦C. The spring–forward
is expressed as the change of the angle relative to the enclosed angle of the tool of
101.7◦.
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Figure 2.15: Total spring–forward of singly curved carbon/PEI panels

Figure 2.15 shows that the measured total spring–forward of the curved carbon/PEI
samples is considerably larger than the total spring–forward predicted by equation
(2.2) with a temperature change of 195◦C. Based on the confident applicability of this
equation for the composite in question, yet recognising the linear extrapolation of the
measured results, it can be concluded that the thermally induced spring–forward
makes up approximately 75% of the total spring–forward.

Obviously, other mechanisms introduce residual stresses in the composite during
rubber press forming. Chapter 4 discusses the residual stresses induced by the rubber
pressing process more in detail.
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2.5 Thermoelastic finite element modelling

The spring–forward of singly curved shapes can be modelled analytically as shown
earlier. Numerical tools, such as the finite element method, are more convenient
for the analysis of complex, doubly curved geometries. However, the computational
effort of a full 3D analysis, which is required for the 3D spring–forward effect, is
considerably large. The application of plate elements reduces this effort considerably,
yet these elements lack the degrees of freedom to incorporate the spring–forward
phenomenon.

This section discusses a method to include thermally induced spring–forward
using plate elements. First, the classical laminate theory is briefly introduced, and
subsequently a modification of the CLT, which incorporates spring–forward of doubly
curved surfaces, is proposed. The modified CLT formulation is validated with the 3D
solution for the spring–forward of a singly curved panel.

Secondly, a finite element formulation for plate elements based on the modified
CLT approach is discussed. Simulations are performed with a singly curved panel
and the results are compared to the analytical solution of spring–forward.

2.5.1 Classical laminate theory

The CLT relates the midplane forces and moments, {N} and {M} respectively, of
a laminated plate with thickness h to its midplane strains

{
ε0
}

and curvatures {κ}
according to: {

N
M

}
=
[

A B
B D

]({
ε0

κ

}
−
{

α0

κT

}
∆T

)
(2.47)

where

[[A] , [B] , [D]] =

h/2∫
−h/2

[Q(z)] [1, z, z2] dz (2.48)

The reduced stiffness matrix [Q(z)], which may differ for each ply, is defined in
the global coordinate system. The effective thermal expansion of the midplane and
thermally induced curvature,

{
α0
}

and
{
κT

}
respectively, are derived according to:{

α0

κT

}
=

1
∆T

[
A B
B D

]−1 {
NT

MT

}
,

[
{
NT

}
,
{
MT

}
] =

h/2∫
−h/2

[Q(z)] {α(z)}∆T [1, z] dz

(2.49)

where {α(z)} are the in–plane CTEs. The integrations in equations (2.48) and (2.49)
are performed layerwise, resulting in convenient additions of the (bending) stiffness
contributions of the individual plies. Relations (2.47) hold for shallow shells, although
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{κ} represents the change in curvature in that case [55]. Shallow shells are defined as
shells with a ratio of the thickness to the radius of curvature much smaller than one
(t/R � 1).

2.5.2 Laminate theory including spring-forward

Change of curvature due to spring–forward

An expression for the thermally induced spring–forward of a cylindrical segment was
derived in section 2.1. It relates the change of the enclosed angle to the global strains
in the circumferential and thickness directions, αθ and αr respectively:

∆φ

φ
=

(αθ − αr) ∆T

1 + αr∆T
(2.50)

Similarly, the spring-forward can be expressed in terms of the change of the initial
radius of the segment. Consider a piece of the midplane ds of a cylindrical segment
with initial radius R and enclosed angle φ before:

ds = φR (2.51)

and after a small deformation:

ds′ = φ′R′ = (φ + ∆φ) (R + ∆R) (2.52)

Equating (2.51) and (2.52) and neglecting higher order terms of ∆R and ∆φ shows
that the relative change of the radius is proportional to the relative change of the
enclosed angle:

∆R

R
= −∆φ

φ
(2.53)

The curvature of a cylindrical shape is defined as the reciprocal of its radius: κ = 1/R.
The change of the curvature is then written as:

∆κ = − 1
R

∆R

R + ∆R
≈ − 1

R

∆R

R
(2.54)

Combining (2.54), (2.53) and (2.50) results in an expression for the curvature change
related to spring–forward:

∆κs =
1
R

(αθ − αr) ∆T

1 + αr∆T
≈ 1

R
(αθ − αr) ∆T (2.55)

where the superscript s denotes spring–forward from this point onwards. This
curvature change is subsequently incorporated in the CLT.
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Spring–forward of doubly curved surfaces

The analysis is extended to doubly curved shallow shells which are generally described
with two principal curvatures. Following Kollár [24], it is assumed that the
spring–forward effect works on the two principal curvatures individually. Before
continuing with this analysis, the concept of principal curvatures is briefly discussed.

According to the definition by Timoshenko [55], the middle surface of a slightly
bent plate can be described by three global curvatures: κx and κy, defined respectively
in the global x– and y–directions, and the twist of the surface κxy. For convenience,
it is assumed that the curvatures do not vary spatially. The curvatures in a local
x′y′z–coordinate system, rotated through an angle θ with respect to the x–axis, relate
to the global curvatures as:

κx′

κy′

κxy′

 =

 cos2 θ sin2 θ − sin 2θ
sin2 θ cos2 θ sin 2θ

1
2 sin 2θ − 1

2 sin 2θ cos 2θ


κx

κy

κxy

 (2.56)

The principal curvatures of the surface are defined as the maximum and minimum
curvatures that occur. The extrema are obtained by equating the derivative of the
first row of (2.56) to zero:

κx sin 2θ − κy sin 2θ + 2κxy cos 2θ = 0 (2.57)

and solving for θ, which yields:

tan 2θp = − 2κxy

κx − κy
(2.58)

The solution of equation (2.58) has a period of π/2. Back substitution of the first
two values of θp in the first row of (2.56) provides the two principal curvatures, here
denoted as κξ and κζ , respectively:

κξ = max
{
κx cos2 θ + κy sin θ − κxy sin 2θ

}
,

κζ = min
{
κx cos2 θ + κy sin θ − κxy sin 2θ

}
, θ = θp, θp +

π

2
(2.59)

The directions corresponding with the principal curvatures are called the principal
directions. Obviously, these directions are perpendicular. Also, comparing the third
equation of (2.56) with the condition (2.57) shows that the twist curvature equals
zero when the coordinate axes coincide with the principal directions.

Hence, it is convenient to address the spring–forward of doubly curved surfaces
in the principal directions. Utilising equation (2.55) and assuming zero interaction
between the two principal curvatures, the changes of the principal curvatures are
written as:

{∆κs} =


∆κs

ξ

∆κs
ζ

0

 =


1

Rξ
(αξ − αr) ∆T

1
Rζ

(αζ − αr) ∆T

0

 (2.60)
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where the coefficients of thermal expansion αξ and αζ relate to the effective CTEs of
the midplane according to:

{α}ξζ = [T ]−T {
α0
}

(2.61)

where [T ] is the transformation matrix for a rotation of the global x–axis to the
direction of the major principal direction, see equation (2.10). The changes of the
curvatures in the global coordinate system are obtained by the transformation:

{∆κs}xyz =


∆κs

x

∆κs
y

∆κs
xy

 =

 cos2 θ sin2 θ sin 2θ
sin2 θ cos2 θ − sin 2θ

− 1
2 sin 2θ 1

2 sin 2θ cos 2θ


∆κξ

∆κζ

0

 (2.62)

Finally, the curvature changes induced by the spring–forward effect are inserted in
the CLT according to:{

N
M

}
=
[

A B
B D

]({
ε0

κ

}
−
{

α0

κT

}
∆T −

{
0

∆κs

})
(2.63)

The initial curvatures 1/Rξ and 1/Rζ equal zero in the case of flat plates. Equation
(2.60) shows that the change of curvature induced by spring–forward diminishes,
reducing (2.63) to the original CLT, equation (2.47).

Consequence of the split approach

Recapitulating, the modified CLT approach according to equation (2.63) consists of
the CLT and an additional change of curvature induced by the spring–forward effect.
This additional change of curvature was solved separately with a geometrical analysis,
equation (2.55) and more or less simply added to the deformation vector.

This split approach provides a quick method to incorporate the effect of
spring–forward in a composite analysis. Most commercially available FE packages
allow the user input of the ABD–matrix and the thermal force and moment
vector. Consequently, the forces and moments resulting from spring–forward can
be included, on the condition that the principal curvatures are known locally. The
curvatures can be determined from the FE mesh with an external routine as will be
shown further on.

The split approach, however, suffers from an inconsistency regarding the coupling
between the midplane (or membrane) strains and the through–thickness strain. The
change of curvature due to spring–forward was derived under the assumption of
unrestrained deformation. However, restraining of the membrane deformation may
occur, either imposed by the boundary conditions or by the stiffness of the structure
itself. Then, the through–thickness strain, which is the main cause of spring–forward
of composites, is affected. The following exercise demonstrates the consequence.

Consider the stress–strain relations in normal directions only, similar to equation
(2.7) but now including the thermal expansion and the plane stress condition, which
is assumed for plates:

εx − αx∆T
εy − αy∆T
εz − αz∆T

 =

 1/Ex −νxy/Ex −νxz/Ex

−νxy/Ex 1/Ey −νyz/Ey

−νxz/Ex −νyz/Ey 1/Ez


σx

σy

0

 (2.64)
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The stress–strain relations are defined in the Cartesian xyz–coordinate system for
convenience. Free thermal deformation, thus when the normal stresses equal zero,
indeed leads to εx = αx∆T , εy = αy∆T and εz = αz∆T . But when an in–plane
deformation is suppressed, for instance εx, the other strain components are solved
otherwise:

σx = −Exαx∆T, εy = (αy + νxyαx) ∆T, εz = (αz + νxzαx) ∆T (2.65)

The coupling of the through–thickness strain with the in–plane strain is present via
the Poisson’s ratio νxz. Additional suppression of the other in–plane strain component
εy gives similar results, which are not elaborated further here.

A more consistent approach, yet still within the current methodology, is to take
into account the coupling of the through–thickness strain with the membrane stresses.
An approach would be to compute the membrane stresses and deformations first,
utilising the ‘ordinary’ CLT, then calculate the through–thickness strain and curvature
change due to spring–forward and perform a second calculation with the modified CLT
approach. When the membrane stresses are coupled with the spring–forward induced
curvature, a second iteration or more can be carried out.

The latter approach is not applied here. The modified CLT approach is used as a
good first indicator for the effect of spring–forward in doubly curved surfaces. This is
motivated by the observation that the coupling between the through–thickness strain
and the membrane components is relatively small when considering the composite
materials used. For example, a carbon weave reinforced composite, such as the 5H
satin carbon/PEI discussed earlier, has typical properties as αx = αy = 4 ·10−6◦C−1,
αz = 55 ·10−6◦C−1 and νxz = 0.45. Assuming εx = 0 results in εz = 56.8 · 10−6◦C−1,
an increase of 3% relative to the through–thickness CTE. For a glass weave reinforced
composite (αx = αy = 13 · 10−6◦C−1, αz = 40 · 10−6◦C−1 and νxz = 0.37) that
increase would be approximately 12%.

The exercise with suppression of the in–plane strain εx is considered to give an
upper bound for the through–thickness strain. The restriction due to the geometrical
stiffness of a composite part will generally be less.

Validation for singly curved part

A comparison between the modified CLT approach and a full 3D analytical approach
of the spring–forward of doubly curved surfaces is not presented. However, a brief
demonstration on the basis of a singly curved cylindrical segment is given.

Equations (2.61) to (2.63) correspond to the solution proposed by Kollár [24].
He derived his model on the basis of thin shell theory, assuming small thickness to
radius (t/R) ratios. In 1997, Jain and Mai [23] generalised the analysis to thick (or
ordinary) cylindrical shells, finding excellent correspondence with 3D elasticity, e.g.
[22], and Kollárs approximation for t/R < 0.2, for both symmetric and non–symmetric
laminates built up from UD laminae.

Here, the comparison between the modified CLT approximation and the 3D
solution of the spring–forward of a cylindrical shell is briefly repeated for a woven
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fabric composite. First, additional information regarding the deformation of such a
shell is required.

Consider the cylindrical segment as was depicted in figure 2.1 (b) with radius
R and its axis in the global x–direction. Then the ζ–coordinate coincides with
the circumferential coordinate θ, Rζ = R and Rξ = ∞. The strain–displacement
relationships for the midplane of the segment are given by Timoshenko [56] as:

ε0
x =

∂u

∂x
, ε0

θ =
∂v

R∂θ
− w

R
, ε0

xθ =
∂u

R∂θ
+

∂v

∂x

κx = −∂2w

∂x2
, κθ =

1
R2

(
∂v

∂θ
− ∂2w

∂θ2

)
, κxθ =

1
R

(
∂v

∂x
− ∂2w

∂x∂θ

) (2.66)

where u, v and w are the displacements in the axial, circumferential and radial
directions, x, θ and r respectively. When it is assumed that the in–plane strains
are uniform over the in–plane dimensions, the displacement w must be constant.
Hence, the curvature in the axial direction κx must equal zero. The conditions for
free thermal contraction of the segment are then:

Nx = Nθ = Nxθ = 0,

κx = Mθ = Mxθ = 0
(2.67)

Solving equation (2.63) for κθ and applying relation (2.53) provides the spring–forward
in terms of the relative change in angle. Equation (2.55) is obtained for symmetric,
balanced laminates, as [B] and

{
κT

}
are then equal to zero. However for other

laminates these latter conditions are not necessarily true.
Here, the spring–forward calculated with the approximate method described in

this section is compared to the exact 3D solution [22], both for symmetric and
non–symmetric crossplies. The effects of non–symmetric stacking of laminae on the
spring–forward is demonstrated by assuming a non–homogeneous distribution of the
fibre volume fraction Vf . It is assumed that the laminate consists of two plies of
5H satin weave carbon/PEI, where Vf is 40% in the bottom ply, and 60% in the top
ply. However fictitious, this example may show the consequence of stacking errors, for
example a bad distribution of the polymer foil prior to pre–consolidation. The thermal
and elastic properties of the separate plies are shown in table 2.4. The properties are
computed with the woven fabric micromechanics discussed previously, choosing the
PP configuration.

Figure 2.16 shows the spring–forward calculated with the 3D model and the
approximate model (denoted with 2.5D) as a function of the radius over thickness
ratio R/t. Again, the temperature change to which the arc section is subjected, was
chosen to be 195◦C.

The results belonging to the symmetric laminate are annotated with Vf = 50%,
the results of the non–symmetric laminate with Vf = 60/40%. The spring–forward is
expressed in the absolute change of the curvature in figure 2.16 (a), and in the relative
change of the enclosed angle φ in figure 2.16 (b).
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Property Unit Vf = 40% Vf = 60%

Eθ GPa 49 75
Er GPa 7.8 11
Gθr GPa 3.0 5.1
νθr – 0.47 0.42
αθ 10−6/◦C 4.7 2.8
αr 10−6/◦C 65 45

Table 2.4: Thermoelastic properties of 5H satin woven
fabric carbon/PEI, calculated with woven fabric
micromechanics
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Figure 2.16: Spring–forward of an arc section as a function of the radius over
thickness ratio, expressed in (a) the change of curvature ∆κ and (b)
the relative spring–forward ∆φ/φ

The approximate (2.5D) method agrees very well with the 3D model for both the
symmetric and the non–symmetric lay–up. The agreement is within 3% for an R/t
ratio of 0.5, for larger ratio’s the deviation is less than 1%.

The spring–forward of the non–symmetrically stacked arc section is predicted larger
than the spring–forward of symmetrically stacked arc section. This is a consequence
of the moment resulting from the stacking sequence. The bottom ply with Vf = 40%
has a larger CTE than the top ply, and shrinks more. The resulting bending becomes
more pronounced for larger radii (with equal thickness), as shown in figure 2.16 (b).
The same figure demonstrates that the relative change of the enclosed angle does not
depend on the R/t ratio for symmetrically stacked laminates.
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2.5.3 Finite element formulation

The discrete Kirchhoff triangle (DKT) with three–point integration proves to be a
sufficiently accurate yet efficient element to describe the bending of thin plates [57].
It possesses six DOFs at each of its three nodes: three displacements (ux, uy, uz)
and three rotations (θx, θy, θz). Its basic features are that the transverse shear
energy is neglected and that the normal rotations are coupled to the transverse
displacements through the Kirchhoff constraints. These constraints demand that
planes perpendicular to the midplane remain perpendicular after bending.

The principle of virtual work is applied here to arrive at a FE formulation for the
DKT elements. It states that the virtual work as a result of internal forces δWint

equals the virtual work performed by external forces δWext, or:

δWint = δWext (2.68)

The internal virtual work consists of a membrane and bending contribution induced
by, respectively, the force and moment resultants N and M in the case of a plate:

δWint =
∫
A

({
δε0

}T {N} + {δκ}T {M}
)

dA =
∫
A

([{
δε0

}T {δκ}T
]{ N

M

})
dA

(2.69)
where

{
δε0

}
and {δκ} are the virtual midplane strain and curvature fields,

respectively, and A is the midplane area of the element. The external virtual work is
expressed by:

δWext =
∫
Γ

[
{δu}T {δθ}T

]
{t} dΓ (2.70)

where {δu} and {δθ} represent the virtual displacement and rotation fields,
respectively, and {t} the tractions that work on the element boundary Γ. The virtual
fields are interpolated between the virtual nodal displacements and rotations of the
element (indicated by superscript e), symbolically written as:{

δu
δθ

}
= [Ψ]

{
δue

δθe

}
(2.71)

The matrix [Ψ] contains the interpolation, or shape functions, of the element. The
midplane strain and curvature fields are related to the nodal displacements and
rotations according to: {

ε0
}

= [Bm] {ue} , {κ} = [Bb] {θe} (2.72)

where [Bm] and [Bb] hold the derivatives of the shape functions [Ψ]. The subscripts m
and b denote membrane and bending, respectively. The virtual strains and curvatures
are interpolated likewise:{

δε0
}

= [Bm] {δue} , {δκ} = [Bb] {δθe} (2.73)
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By substituting equations (2.69) to (2.73) together with the constitutive equation
(2.63) in the principle of virtual work, equation (2.68), a system is obtained:{

δue

δθe

}T

[K]
{

ue

θe

}
=
{

δue

δθe

}T

{F} ⇔ [K]
{

ue

θe

}
= {F} (2.74)

where [K] is the element stiffness matrix:

[K] =
∫
A

[
Bm 0
0 Bb

]T [
A B
B D

] [
Bm 0
0 Bb

]
dA (2.75)

and {F} contains the nodal forces, elaborated as:

{F} =
∫
Γ

[Ψ] {t} dΓ +
∫
A

[
Bm 0
0 Bb

]T [
A B
B D

]({
α0

κT

}
∆T +

{
0

∆κs

})
dA

(2.76)
The first integral in (2.76) describes the nodal tractions, the second integral contains
the forces and moments induced by a temperature change ∆T .

2.5.4 Curvatures in triangular mesh

The constitutive equation for composite plates was adapted to include the effect of
spring–forward. Subsequently, it was implemented in the FE formulation of DKT
elements. The extra information required with respect to ‘ordinary’ composite plate
elements are the principal curvatures and their orientation with respect to the global
coordinate system, or principal directions. Here, an algorithm for the derivation of
this information for each element is discussed. The goal is to approximate the surface
of the triangle with a quadratic function.

The nodal positions of the linear element are not sufficient for a quadratic
description. The orientation relative to its neighbouring elements needs to be known.
One way is to fit the quadratic surface through the coordinates of the element and
an arbitrary number of neighbours. Another way is to demand that the normal of
the fitted surface matches with the normals at the element nodes. These normals are
obtained by averaging the normals of the elements that share those specific nodes. The
second method is employed here. Figure 2.17 shows a triangular element with nodes
in the global coordinates (x1, y1, z1), (x2, y2, z2) and (x3, y3, z3) and corresponding
averaged normals n1, n2 and n3, respectively.

A quadratic surface is defined here by:

f(x, y, z) = c1x
2 + c2y

2 + c3x + c4y + c5xy + c6 − z = 0 (2.77)

The normal vector in a point (xi, yi, zi) on the surface f(x, y, z) is given as:

{ni} = ∇f =


∂f/∂x(xi, yi, zi)
∂f/∂y(xi, yi, zi)
∂f/∂z(xi, yi, zi)

 =


2c1xi + c3 + c5yi

2c2yi + c4 + c5xi

−1

 (2.78)
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{n1}

{n2}

{n3}

(x1, y1, z1)

(x2, y2, z2)

(x3, y3, z3)

Figure 2.17: Triangular element with neighbouring elements and average nodal
normals

Now, an approximation is sought for the coefficients c1 to c6, employing a least squares
method [58]. This is equivalent to minimising:

Es =
1√
m
‖f‖2 =

√√√√ 1
m

m∑
i=1

f(xi, yi, zi)2, i = 1, . . . ,m (2.79)

and:

{En} =
1√
m
‖∇f − {n} ‖2

=

√√√√ 1
m

m∑
i=1

({
∂f/∂x(xi, yi, zi)
∂f/∂y(xi, yi, zi)

}
−
{

ni1

ni2

})2

, i = 1, . . . ,m

(2.80)

where subscripts s and n discern between fitting of the surface and the normals,
respectively, and m is the number of nodes, which is three in the case of the triangular
element. Partially differentiating expressions (2.79) and (2.80) and subsequent
equalising to zero yields a system of equations:

[A]T [A] {c} = [A]T {b} (2.81)

which is called the ‘normal equation’ of the least squares problem. The vector {b}
contains the z–coordinates and the coefficients of the normal vectors of the nodes,
{b}T = {z1 z2 z3 n11 n12 n21 n22 n31 n32}. Note that the normal vectors of the elements
are scaled such that ni3 equals −1. The 9 × 6 non-square matrix [A] belongs to the
over–determined linear system [A] {c} = {b}, which is formed by evaluating (2.77)
and (2.78) in the nodal coordinates. The solution {c∗} of (2.81) provides the least
squares fit of the quadratic surface f∗(x, y, z). The curvatures in the global x–, y–
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and xy–directions are obtained according to:
κx

κy

κxy

 =


−∂2z/∂x2

−∂2z/∂y2

−∂2z/∂x∂y

 =


−2c∗1
−2c∗2
−c∗5

 (2.82)

2.5.5 Finite element implementation

The formulation for DKT elements, equations (2.74) to (2.76), was implemented in
the finite element code DiekA. DiekA is an implicit finite element package, which
was developed at the University of Twente for the purpose of the non–linear modelling
of metal forming [59], plastics processing [60] and, more recently, composites forming
[10].

The methodology employed by Lamers [10] is followed here. Briefly, Lamers
modified Spencer’s ideal fabric reinforced fluid (IFRF) model ( [61] to incorporate
fibre extensibility. Subsequently, he formulated an efficient algorithm to perform
drape simulations of multi–layered woven fabric composites with a single layer of
membrane elements. The drape simulations, which provide the orientation of the
fibres in the draped woven fabric, were followed by the elastic simulation of the
product deformations due to cooling from the solidification temperature to room
temperature. This step was performed by transferring the results of the membrane
based drape simulations, such as the fibre orientation and drape–induced fibre stresses,
to a matching mesh of DKT elements. A micromechanics module was utilised to
calculate the elastic properties, thermal forces and thermal moments corresponding
with each element. The module works on a basis similar to the theory described in
section 2.1, yet it is expressed in terms of the CLT, incorporating the locally varying
thermoelastic properties of the reoriented fabric composite.

The DKT element with spring–forward will be demonstrated with an elementary
example: a singly curved panel as discussed earlier. The fibre directions are oriented
along and perpendicular to the radius of curvature, so fibre reorientation does not
occur during draping in this particular example.

Singly curved panel

A singly curved panel in the form of an L–shape was meshed with DKT elements
with three integration points in–plane and one through the thickness. The radius of
the arc section was 10 mm, the width was 5 mm and the length of the legs was 10
mm. The laminate had a thickness of 0.96 mm. It represents a four layer 8H satin
glass weave reinforced poly(phenylene sulphide), or glass/PPS, composite. Typically,
these woven glass/PPS laminates are processed by rubber pressing, and they will
be discussed in more detail in chapter 4. The layers are stacked in the 0◦ and 90◦

directions in such a manner that the laminate is balanced and symmetric. The ply
directions coincide with the tangential and axial directions of the L–shaped part.
The thermoelastic properties were computed with the woven fabric micromechanics
described previously. The in–plane and through–thickness CTEs were respectively
computed as: αx = αθ = 13.6 · 10−6◦C−1 and αz = αr = 39.0 · 10−6◦C−1.
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Figure 2.18 shows the initial and deformed geometry of the L–shaped part. The
part was subjected to a uniform change of the temperature of 1◦C. The boundary
conditions were chosen such that the leg on the left hand side was restrained from
rotation. The right leg was allowed to spring–in.

initial mesh

deformed mesh

Figure 2.18: Initial and deformed mesh of an L–shape; the deformation is induced by
a temperature change of 1◦C. (deformation scaled 300×)

The mesh displayed in figure 2.18 uses five triangles along the arc length and four
across the width. The simulation was repeated with three and approximately twenty
triangles to check the mesh dependence of the solution. The three mesh configurations
are shown in figure 2.19. Table 2.5 lists the resulting change of the angle enclosed
by the two legs. The FE results are compared to the analytical solution according to

(a) (b) (c)

Figure 2.19: Three mesh configurations of the L–shaped part: (a) three, (b) five and
(c) twenty elements over the arc length
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3 elements 5 elements 20 elements analytical

2.66 ·10−5 2.47 ·10−5 2.49 ·10−5 2.54 ·10−5

Table 2.5: Relative spring–forward as a function of the element size, ∆T = 1◦C

equation (2.3). The results in table 2.5 show that the FE simulation approximates the
analytical solution very reasonably. The mesh with three elements along the arc length
predicts a change of the enclosed angle well within 5%, giving a small overestimation.
The result from the simulation with five elements over the cylindrical part approaches
the analytical prediction within 3%, the simulation with twenty elements within 2%.
Full product simulations will most likely use meshes where sharp corner sections are
meshed with a minimum number of elements, of the order of five to ten across the
radius. The results of the L–shape simulation show that such a ‘coarse’ mesh already
gives a good prediction of the spring–forward.

2.6 Conclusion

This chapter discussed the effect of spring–forward from a thermoelastic perspective.
It was shown that spring–forward can be modelled with a 2D, geometrically
derived expression, which provides a convenient tool for first–order, thermoelastic
predictions during the development of a composite product. However, it requires the
thermoelastic properties of composites in three directions. Therefore, a methodology
was proposed to predict these properties, not only for laminates stacked with UD
laminae but also for woven fabric composites. A study of the thermoelastic properties
of 5H satin weave carbon reinforced PEI showed that they are predicted well with a
UD crossply laminate, except for the shear moduli. It is concluded that the application
of a UD crossply model is therefore acceptable in most engineering applications. It
was touched upon that the fibre and matrix properties, which function as input for
the prediction of the composite properties hence for spring–forward modelling, should
be assessed critically.

The geometrically derived prediction of the thermally induced spring–forward
was validated with dilatometer experiments using singly curved specimens. It was
concluded that this thermally induced spring–forward is predicted well for the woven
carbon/PEI composite used, but that it cannot account for the total spring–forward.

The 2D thermoelastic model was subsequently employed in a CLT formulation,
in order to provide a good indicator for spring–forward in doubly curved products.
The modified CLT approach was validated on a cylindrical section, recognising the
need for a validation on a doubly curved geometry. This validation is left here as a
recommendation for further research.

The modified CLT formulation was implemented in a FE code, and simulations
were conducted on an L–shaped part. It was shown that the FE model yielded good
agreement for relatively few elements along the arc radius. Again, validation with a
doubly curved geometry is suggested.





Chapter 3

Quasi–static moulding
processes

In the previous chapter, it was demonstrated how a linear thermoelastic approach
proved to be a convenient tool for the first order prediction of a well–known shape
distortion in the form of spring–forward. It is capable of predicting the elastic stresses
and deformations caused by a uniform change of the temperature. Regarding the
processing of polymer matrix composites, this temperature change was assumed as
the difference between the glass temperature Tg and the room temperature. The glass
temperature does depend on the rate of cooling, yet in the specific example of the
forming of carbon/PEI composites this dependence was neglected.

The approach becomes less applicable to polymers which exhibit a
non–straightforward conversion from viscous liquid to elastic solid, such as
thermosets. The point from which thermoelasticity can be applied and the amount
of volumetric shrinkage such as chemical shrinkage that causes residual stress highly
depends on the thermal history. Therefore, the analysis is extended from linear
thermoelasticity to linear viscoelasticity, incorporating the cure conversion and the
shrinkage and exothermic heat associated with the polymerisation reaction.

The basics of the curing process and its chemorheology are treated successively.
A viscoelastic material model for UD composites is introduced and subsequently
adapted for woven fabric reinforced polymers. It shows that the material model can
be simplified to a great extent for the quasi–static moulding processes involved in this
chapter. The process–specific boundary conditions and their effect on the residual
stress modelling are elaborated on the basis of elementary FE exercises and matching
experimental results.

3.1 Cure of thermosetting polymers

Thermosetting polymers form a three–dimensional molecular network by the
crosslinking of monomers or pre–existing polymer molecules [62]. This network
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formation is commonly referred to as curing. The curing thermoset may pass
through various phases during the polymerisation reaction depending on the thermal
history. The two most important phase transitions are ‘gelation’ and ‘vitrification’.

Gelation occurs when a three–dimensional network molecule with infinite molar
mass is formed. It causes a dramatic increase of the viscosity, involving a change
from a viscous liquid to a solid gel. An elastic modulus is developed, and when the
polymer is below the glass temperature at the gelpoint Tg,gel it is able to sustain some
elastic stress. Not all molecules are fully linked yet; a soluble fraction still exists. This
fraction is referred to as the sol fraction. The network fraction, which is insoluble, is
named the gel fraction.

Vitrification is the second transition that may occur. After gelation, the
polymerisation reaction continues at significant a rate if the cure temperature is well
above the current glass temperature of the gel. As the reaction proceeds, the crosslink
density increases and the number of free reactants decreases. Consequently, the glass
temperature increases, which involves a reduction in the mobility of the polymer
chains. The reaction becomes more diffusion controlled. It ceases almost completely
at the point where the glass temperature reaches the curing temperature. The system
vitrifies, and the event is named vitrification. If not fully cured, the reaction may
continue at a very low rate as the free reactants have to diffuse through the relatively
rigid network.

The curing temperature determines the physical state of the thermosetting
polymer. Stiffness and strength improve with increasing conversion. The curing
temperature should be well above the ultimate glass temperature Tg∞ to achieve full
cure in a short time. However, the heat produced by the exothermic polymerisation
reaction may induce thermal degradation, which necessitates stepwise curing. The
polymer is then gradually cured at different temperatures. Besides the practical
motive, the stepped curing cycle may provide an economical benefit; the in–mould
curing time can be reduced drastically by curing a product until it is sufficiently stable
and subsequently completing the cure cycle free–standing.

Cure kinetics and chemorheology

In their overview on the chemorheology of thermosets, Halley and Mackay [63] divide
the models that describe the kinetics of a curing thermoset into two main classes:
empirical and mechanistic models. The empirical models, fitted to kinetic data,
provide no information on the actual mechanism behind the chemical reaction. The
mechanistic models, derived from the analysis of the individual reactions during
curing, are more complex but do not suffer from changes in the composition of
the thermoset system. The choice between these modelling classes depends on
the thermosets addressed and the accuracy required. Here, it is assumed that an
empirical kinetics model suffices for the residual stress modelling in the thermoset
composite moulding process. A generalised model for cure conversion is proposed
here, comprising most of the empirical models presented by Halley and Mackay [63]:

ψ̇ = (k1 + k2ψ) (1 − ψ) (b − ψ) + k3 (1 − ψ)mc (3.1)
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where ψ is the degree of cure, b and mc are curing constants, and ki are defined in
terms of constants Ei and ai according to:

ki = ai exp
(

Ei

RT

)
, i = 1..3 (3.2)

R is the universal gas constant, T is the temperature. The empirical models are
stated not to relate to the kinetic mechanism, however it is recognised that the first
part of the right hand side of equation (3.1) represents an autocatalytic model for a
low degree of cure, while the second part describes a higher degree of cure, which is
diffusion controlled.

The viscosity of the resin determines the viscoelastic behaviour of the composite.
When the viscosity is low, the relaxation times are small resulting in the relaxation
of the (deviatoric) stresses in the resin. The viscosity can be measured up to the
gel point where it becomes infinite. A common empirical relation [63] describing the
viscosity as a function of temperature and cure conversion is used here:

η (T, ψ) = η0 exp
(

Uact

RT
+ kvψmv

)
(3.3)

where ψ is the degree of cure, η0 a reference viscosity, Uact the activation energy, and
kv and mv are curing constants. Equation (3.3) can be fitted to isothermal rheometer
measurements.

The polymerisation reaction of a curing thermoset is exothermal. The heat
generated by the reaction may be included in the heat balance as a source q̇:

∇ · Λ · ∇T + q̇ = ρCp
∂T

∂t
(3.4)

where Λ is the thermal conductivity tensor, ρ is the density and Cp the specific heat.
The internal heat generation is defined as:

q̇ = ρHrψ̇ (3.5)

where Hr is the total amount of heat generated per unit mass for a fully cured resin.
This term will be omitted in subsequent simulations, considering the quasi–static
character of the moulding processes and the relatively small thickness of the products
addressed.

When the polymer cures to form the 3D molecular network, the volume decreases.
This decrease is called polymerisation, or chemical, shrinkage. For the sake of
simplicity, it is assumed that the shrinkage is proportional to the degree of cure
conversion:

{εcs} = {β}ψ (3.6)

where {εcs} is the strain due to chemical shrinkage and {β} is the chemical shrinkage
of the fully cured polymer.
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3.2 Viscoelastic modelling of unidirectional
thermoset composites

The curing of a thermoset polymer involves a complex transition of a viscous liquid
to a more or less elastic solid. The constitutive description of such a material can
be complicated, and the presence of a fibre reinforcement increases the challenge of
finding a suitable stress–strain relationship.

The mechanical behaviour of a curing thermoset polymer has been described with
linear viscoelasticity on the basis of the measured relaxation spectra of the epoxies
involved [64, 65, 66]. The experimental acquirement of the complete relaxation
spectrum is time consuming, and numerical predictions of the detailed stress
relaxation require small time steps. Extension to composite materials complicates
the matter. Hence, a trend towards simplified material models is visible. These
models are more suited for relatively quick predictions of stresses and deformations
occurring in industrial applications, allowing to focus on effects more dominant than
a fundamental description of the material behaviour.

Bogetti and Gillespie [67] proposed an incrementally linear elastic description of the
resin modulus in 1993. The modulus is formulated as an explicit function of the cure
conversion. Subsequently, the modulus is used in a self–consistent micromechanics
model to predict the elastic properties of the UD composite. The same approach was
recently extended to woven fabric composites [12].

In 2001, Johnston, Vaziri and Poursartip [68] included a ‘cure–hardening
instantaneously linear elastic’ material model (CHILE) in their FE code COMPRO,
which has been developed specifically for thermoset composite moulding. The resin
modulus was described as a function of the glass temperature, which itself depends
on the degree of cure. Recently, Zobeiry et al. [69] discussed that the CHILE model
is a valid pseudo–viscoelastic approximation of linear viscoelasticity. Their validation
offers a good argument in favour of the application of incremental elastic material
models.

Noh and Whitcomb [31] derived the homogenised viscoelastic constitutive
behaviour of UD laminates with three methods: (i) the incremental elastic or
quasi–elastic method, (ii) the correspondence principle, and (iii) direct time
integration of the incremental viscoelastic equations. A finite element method
with discrete modelling of the plies was used as a reference solution. The effective
viscoelastic properties obtained using the three methods were in very good agreement
with that reference solution. The incremental elastic method was found to be
accurate and the simplest method in representing the viscoelastic material behaviour.

Recently, Svanberg started from viscoelastic theory [5, 70], subsequently
simplifying to an incremental elastic approach [71, 72] by assuming a step function of
the time–temperature shift factor around Tg. The model possesses an extra feature
compared to the models discussed above. Strains, applied above Tg and subsequently
frozen–in upon cooling through Tg, are released when the material is re–heated to a
temperature above Tg. This path dependence is modelled by storing the load history
as an extra state variable.

Here, the viscoelastic model with a single relaxation time proposed by Wiersma,
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Peeters and Akkerman [22] in 1998 is extended to simulate the constitutive behaviour
of a fabric reinforced composite. The model is comparable with the homogenisation
approach with direct time integration, which Noh and Whitcomb suggested in a
more general form in 2003 [31]. The basic unidirectional (UD) model of Wiersma,
Peeters and Akkerman remains unchanged; it is applied to describe the individual
warp and weft directions that are present in a fabric. Subsequently, an averaging
method is proposed to merge the contributions of the warp and weft directions.

Constitutive model

Consider a UD ply consisting of a viscoelastic matrix and elastic fibres. The fibres
and the matrix can be described by simple mechanical analogies: an elastic spring
and a Maxwell element, respectively. The Maxwell element represents the viscoelastic
nature of the matrix by the serial connection of an elastic spring and a viscous damper.
Consequently, the stress-strain relations are defined as:

σf = Ef :εf (3.7)

ε̇m =
1

2Gm
σ̇d

m +
1

3Km
tr (σ̇m) I +

1
2η

σd
m (3.8)

where the subscripts m and f respectively denote matrix and fibre; σ and ε are
the linear stress and infinitesimal strain tensor, respectively; K is the bulk modulus
and G the shear modulus, η represents the viscosity and superscript d denotes the
deviatoric part; E is the fourth order elastic material tensor and I is the second order
unit tensor.

The viscoelastic behaviour of the composite is characterised by connecting the
elastic spring and the Maxwell element according to the rules of mixture, applying a
parallel and a serial connection respectively in and transverse to the fibre direction.
Figure 3.1 schematically represents the connections and the rules of mixture applied.
The subscripts 1 and 2 denote the material principal directions.

The equations that evolve from the rules of mixture are subsequently solved, in
matrix–vector notation, for the composite stresses {σ}, strains {ε} and strain rates
{ε̇}, resulting in a system of first order ordinary differential equations (ODEs):

{σ̇} = − [Q] [CR] {σ} + [Q] {ε̇} − [Q] [R] {ε} (3.9)

where [Q] is the material stiffness matrix, and [CR] and [R] relate to a non–symmetric
creep and retardation matrix, respectively. The coefficients of [CR] and [R] are
inversely proportional to the viscosity η of the damper in the Maxwell element. The
matrices are elaborated in appendix B, equations (B.2) and (B.3). The vector {ε̇}
contains the mechanical as well as non–mechanical strain rates of the UD ply according
to:

{ε̇} =
{
ε̇mech

}
+ {α} Ṫ + {β} ψ̇ (3.10)
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σ1 = Vfσf1 + (1 − Vf ) σm1

ε̇2 = Vf ε̇f2 + (1 − Vf ) ε̇m2

Ef1

Ef2 Em

Em

η

η

longitudinal

transversal

Figure 3.1: Connection of viscoelastic matrix and elastic fibre: parallel in the fibre
direction, serial in the direction transverse to the fibres

where the coefficients of thermal expansion {α} of the UD composite are related to
the properties of the resin and the fibre according to:

α1 =
VfEf1αf1 + VmEmαm

VfEf1 + VmEm

α2 = Vm(1 + νm)αm + Vf (αf2 + νf12αf1) − ν12α1

α3 = α2

(3.11)

These equations match Schapery’s rules of mixture [51] if isotropic fibre properties
are assumed. Note that equations (3.11) differ slightly from the rules of mixture
proposed by Strife and Prewo [73]. They adapted Schapery’s rules by substituting the
isotropic fibre properties by transversely isotropic fibre properties. The substitution
is convenient, yet not based on mathematical considerations. The deviation with
equations (3.11), which are mathematically derived, is found in the expression for α2:
Strife and Prewo replace αf2 + νf12αf1 by (1 + νf12)αf1. Generally, the deviation is
negligible, as α2 is dominated by the relatively large αm. The coefficients of chemical
shrinkage {β} are derived, recognising that the coefficients of the fibres equal zero:

β1 =
VmEmβm

VfEf1 + VmEm

β2 = Vm(1 + νm)βm + ν12β1

β3 = β2

(3.12)

where βm is the linear chemical shrinkage of the matrix. The strain vector {ε} in
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equation (3.9) holds the fibre strain in the fibre direction:

ε =



εf1 − αf1(T − T0)
0
0
0
0
0


(3.13)

where αf1(T − T0) represents the total thermal strain, and T0 is a reference
temperature.

Time discretisation

Thermorheological simplicity is assumed in this model, i.e. the relaxation times
change as a function of the temperature and cure conversion whilst the elastic
moduli remain constant. The linear system of ODEs is solved after a convenient
transformation of the stress {σ} to {σ�}, see appendix B. The solution is subsequently
discretised in time, giving a relation between the stress at the end of a time step {σ},
the stress at the start of the time step {σ0} and the strain increment {∆ε}.

{σ�} = [C�
R] {σ�

0} + [Q�] {∆ε} (3.14)

where [C�] and [Q�] are the time–integrated creep and stiffness matrix, respectively.
The stress relation discretised according to (3.14) shows good stability properties

for larger time steps in contrast to a forward Euler discretisation. Consequently, it
is very suitable for implementation in a non–linear FE package, as demonstrated by
Wiersma, Peeters and Akkerman [22]. They employed the package DiekA, which was
developed at the University of Twente. The constitutive model, the cure kinetics, the
viscosity relation and the heat generation were implemented for linear plane strain
elements.

3.3 Fabric weave reinforced composites

The model described in the previous section contains the constituents necessary for
the process modelling of a UD thermoset laminate. In reality, the aim is often to
manufacture composite products with beneficial properties in more than one direction.
This is achieved by stacking UD plies oriented at different angles. The use of woven
fabric reinforced polymers facilitates the production process considerably, especially
from the viewpoint of draping complex geometries.

The modelling of composite materials requires an approach that includes the
stacking of the differently oriented laminae. Ply orientations are accounted for by the
classical laminate theory (CLT), for example see [38], and other methods predicting
the elastic engineering properties of a laminate [28, 27, 30]. Most commercial FE
packages include an elastic composite material model, either requesting the input



60 Quasi–static moulding processes

of the orthotropic stiffness matrix or a ply–by–ply input of the ply orientation,
thermoelastic properties, etc.

The application of non–elastic material models for composite laminates is less
straightforward. Stacking elements through the thickness of the laminate, where
each layer of elements accounts for the corresponding ply orientation, provides a first
solution. The UD material model described above may then be readily utilised. A
drawback of this methodology is the increase in the number of the degrees of freedom
(DOFs) of the system. For example, when one layer of woven fabric in an N -layer
laminate is modelled by two perpendicularly oriented UD plies (meshed with linear
elements), the number of DOFs increases by a factor of (2N+1)/(N+1). Worse, when
taking into account the symmetry of the fabric representing it by a [0◦/90◦/90◦/0◦]
sublaminate, the DOFs increase with a factor of (4N + 1)/(N + 1). The effect on
the time required for the solution of the system of equations involved with the FE
approximation is even stronger. The solution time relates at least quadratically to
the number of DOFs for an implicit direct solver.

Here, a method is proposed to employ the UD curing thermoset material model for
the process simulation of two–layered or woven fabric composites. Instead of solving
the DOFs through the thickness of a woven fabric ply by stacking of elements, the
stresses are integrated analytically. Consider the incremental constitutive equation,
equation (3.14), defined in the principal 123–directions of a UD ply:

{σ�}123 = [C�
R] {σ�

0}123 + [Q�] {∆ε}123 (3.15)

which is evaluated for each ply with respect to the global xyz–coordinate system
according to an in–plane rotation, which was described in section 2.1:{

σ�(k)
}

xyz
=
[
T (k)

]
[C�

R]
{

σ
�(k)
0

}
xyz

+
[
T (k)

]
[Q�]

[
T (k)

]T {
∆ε(k)

}
xyz

(3.16)

where superscript k denotes the ply number. As demonstrated in chapter 2, assuming
uniform incremental in–plane strain {∆εx,∆εy,∆εxy} and uniform incremental
through–thickness stress

{
σ�

z, σ
�
yz, σ

�
xz

}
on the laminate scale translates to:

∆ε
(k)
i = ∆εi ⇒ σ�

i =
N∑

k=1

V (k)σ
�(k)
i , i = x, y, xy (3.17)

σ
�(k)
i = σ�

i ⇒ ∆εi =
N∑

k=1

V (k)∆ε
(k)
i , i = z, xz, yz (3.18)

where V (k) is the volume fraction of equally oriented layers in a laminate consisting of
N plies. Solving equations (3.16), (3.17) and (3.18) leads to an averaged stress–strain
relationship for a composite material with differently oriented plies, for example
demonstrated in detail in chapter 2.

Here, the procedure to obtain the averaged viscoelastic constitutive relation is
elaborated as a demonstration of the concept. For convenience, the problem is
simplified to some extent. Firstly, the number of plies is limited to two, considering
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the warp and fill directions as two separate layers. Secondly, only the normal and
in–plane shear stresses and strains are considered, and the averaged through–thickness
shear components are omitted in the analysis. The stresses and strains in the two
through–thickness shear directions remain totally uncoupled from the other stress and
strain components. This allows for a separate solution of the averaged stress–strain
relations involved. This solution, which requires the solving a 2 × 2 system of
equations, is not treated here.

Hence, the analytical solution of the averaged constitutive equation can be derived
as follows. First, equation (3.16) is rewritten, for convenience, to:{

σ�(k)
}

=
{

∆σ(k)
ve

}
+
[
D(k)

]{
∆ε(k)

}
(3.19)

with the global stiffness matrix[
D(k)

]
=
[
T (k)

]
[Q�]

[
T (k)

]T

(3.20)

and the viscoelastic stress contribution{
∆σ(k)

ve

}
=
[
T (k)

]
[C�

R]
{

σ
�(k)
0

}
(3.21)

Solving for the through–thickness ply strains yields:

∆ε(1)
z =

2D
(2)
33

D
(1)
33 + D

(2)
33

∆εz − Φ(1) − Φ(2)

D
(1)
33 + D

(2)
33

∆ε(2)
z =

2D
(1)
33

D
(1)
33 + D

(2)
33

∆εz +
Φ(1) − Φ(2)

D
(1)
33 + D

(2)
33

(3.22)

with

Φ(k) = D
(k)
31 ∆εx + D

(k)
32 ∆εy + D

(k)
36 ∆εxy + σ(k)

ve,z, j = x, y, xy (3.23)

Back substitution of these strains into the original relation for the ply stress
{
σ�(k)

}
,

equation (3.19), leads to:{
σ�(k)

}
=
[
D̃(k)

]
{∆ε} +

[
A

(k)
1

]{
σ(k)

ve

}
+
[
A

(l)
2

]{
σ(l)

ve

}
,

k, l = 1, 2 k �= l
(3.24)

where
[
D̃(k)

]
is a modified ply stiffness matrix containing components from both ply

stiffness matrices
[
D(k)

]
. The matrices [A1] and [A2] couple the non–elastic stresses

of the two plies. The averaged constitutive equation for the two–layered composite
is derived by applying equation (3.17) assuming equal contributions of the warp and
the weft layer: {

σ�
}

=
1
2

({
σ�(1)

}
+
{
σ�(2)

})
= {σve} +

[
D
] {∆ε} (3.25)
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with [
D
]

=
1
2

([
D̃(1)

]
+
[
D̃(2)

])
(3.26)

{σve} =
1
2

([
A

(1)
1

]
+
[
A

(1)
2

]){
σ(1)

ve

}
+

1
2

([
A

(2)
1

]
+
[
A

(2)
2

]){
σ(2)

ve

}
(3.27)

The intermediate matrices [A] can be elaborated analytically with little effort, thereby
providing a material model that can be as straightforwardly implemented in the same
FE code as the UD curing thermoset model.

The undulation of the fibres, which is typical for fabric reinforced composites,
has not yet been included up to this point. The thermoelastic properties of these
composites were discussed in chapter 2. Here, the effect of the fabric geometry on
the thermal and mechanical behaviour of the curing laminate is taken into account
by replacing the stiffness matrix and CTEs in the constitutive equation with those
obtained with the fabric micromechanics. The creep matrix [C�

R] remains unchanged
thus based on the derivation of the viscoelastic behaviour of UD plies.

3.4 Results

The functioning of the curing thermoset material model is best described on the basis
of a simple problem, for example the warping of a non–symmetric crossply. It is
addressed in the following section.

3.4.1 Curing of non–symmetric carbon/epoxy laminates

In this section, earlier work on the warping of non–symmetric UD crossply laminates
is reconsidered [74]. Although in principle the work in this thesis focusses on woven
fabric composites, this specific example on UD composites is elaborated. The reason
is twofold. First, the problem is geometrically not too complicated, which makes
it suitable for a demonstration of the functioning of the curing thermoset material
model. Secondly, the curvature resulting from the non–symmetric lay–up proves
to be an acceptable measure for the residual stresses that develop in carbon/epoxy
composites, and therefore can be applied as a validation tool for the material model.

Experimental work

Non–symmetric [0◦4/90◦4] carbon/epoxy (AS4/8552) laminates were produced at
EADS CASA within the framework of Precimould (BE97–4351). The laminates
were cured on a flat composite tool in an autoclave oven according to the temperature
cycle as shown in figure 3.2. The cycle consisted of a ramp–up at 2◦C/min from room
temperature to the cure temperature of 180◦C, a dwell period of 2 hours and finally
cooling to room temperature at 4◦C/min.

The cured laminates with in–plane dimensions of 500 × 100 mm2 and a thickness of
1.55 mm showed a saddle–shaped geometry with curvatures κx = −κy. The laminates
were cut to specimens of 100 × 10 mm2 using a water cooled diamond saw. The
dimensions were chosen after a numerical analysis of the geometrical non–linearity
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Figure 3.2: Temperature profile for single step curing of AS4/8552 non–symmetric
laminates

that occurs with curved plates, employing a minimisation of potential energy method
[75, 76, 77]. Presumably, the saddle-shape of the specimens is not sensitive to minor
differences in width or length. The sawed pieces were cleaned, weighed and placed
into a vacuum oven at 80◦C for intensive drying. The desiccation was followed by
weighing until an asymptotic value of the mass had been reached.

The shape of the curved specimens was scanned with a coordinate measurement
device. This device consists of two stepper motor controlled arms for in–plane (x– and
y–directions) movement and a rigidly mounted NCDT laser reflector for non–contact
scanning of the specimen’s surface in the z–direction normal to the horizontal plane.
The curvature measurements were performed with a step size of 1.25 mm over 95 mm
of the 100 mm length of the specimens, giving 77 data points. The coordinates of the
scanned surface were then fed into a curve fitting routine. A second order polynomial
z = ax2 + bx + c was fitted, after which the curvature could be derived according to:

κx =
∂2z

∂x2
= 2a (3.28)

The specimens were shortly heated up to their presumed stress–free temperature to
reverse possible relaxation of internal stresses. This stress–free temperature, at which
the curvature equals zero, was assumed to be equal to the curing temperature of
180◦C. The average curvature of the six specimens after reheating was measured to
be 3.14 m−1 with a standard deviation of 0.06 m−1.

Model definition

Consider a block of composite material cut from the non–symmetric laminate plate.
Its thickness is assumed to be very small with respect to the width and length. Then,
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it may be assumed that the in–plane strains are uniform and through–thickness shear
can be neglected. For convenience, the temperature in the block is supposed to be
uniform and equal to the temperature of the surroundings. These surroundings can
symbolise, for example, the temperature controlled autoclave in which the composite
is cured. Figure 3.3 shows a schematic representation of the problem.

0°

90°

0°0°

90°90°x
z

Figure 3.3: Non–symmetric crossply with suppressed in–plane displacements

At first, the laminate is assumed to stick completely to the presumably rigid composite
tool. This assumption is reflected in the suppression of the in–plane displacements of
the laminate. The influence of the thermal expansion and contraction of the tool is
thereby neglected in this specific case. Other boundary conditions will be imposed in
simulations following this example.

The geometry as depicted in figure 3.3 was meshed with linear plane strain elements
having three DOFs on each node: two translations ux and uz and the temperature T .
The UD plies were oriented as shown in the figure, where the 0◦ and 90◦ directions
coincide with the global x– and y–axes, respectively. The temperature was prescribed
the same at each node, following the single ramp curing cycle as shown in figure 3.2.

Material data

The properties of the Hexcel 8552 epoxy resin that are required for the cure kinetics
and viscosity equation are shown in table 3.1. The thermoelastic properties of the AS4
carbon fibres and the Hexcel 8552 epoxy resin, which are the input for the constitutive
modelling, are shown in table 3.2.

Property Value Property Value Property Value

η0 7.725 Pa·s a1 0.996 s−1 E1 3.77·104 J/mol
Uact 4.690 kJ/mol a2 3.05·103 s−1 E2 5.27·104 J/mol
R 8.314 J/(mol·K) a3 2.28·1020 s−1 E3 2.22·104 J/mol
kv 75.0 b 0.95
mv 2.24 mc 1.12

Table 3.1: Cure and viscosity parameters of Hexcel 8552 epoxy resin [78]

The volumetric chemical shrinkage (= 3βm) of the gelled epoxy resin was measured by
means of the Archimedes principle during the isothermal dwell period [80]. Shrinkage
occurring during the ramp–up is therefore not included. It is assumed that the amount
of cure conversion during ramp–up was small.
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The elastic and thermal properties of the UD composite material, predicted with
the rules of mixture, are compared to measured values in table 3.3. The measured
properties were retrieved from the extensive Precimould materials database.

Table 3.3 clearly demonstrates the well-known incapability of the rules of mixture
[34] to provide a reliable prediction of the matrix–dominated composite properties
such as the transverse modulus E2 and the shear moduli. The underestimation
given by the rules of mixture is a direct result of the assumption of uniform stress.
Obviously, the stress field must fluctuate between the fibres and the matrix. Improved
results may be obtained by applying self–consistent field methods, variational methods
or numerical analyses as elaborated by Whitney and McCullough [35]. Here, the rules
of mixture are maintained for the creep matrix [C�

R] and the coefficients of chemical
shrinkage {β}, but the elastic stiffness matrix [Q] and the CTEs {α} are obtained
from the measured thermoelastic properties. Therefore, the stresses during the elastic
part of the curing cycle are predicted with the measured elastic stiffnesses and CTEs.

The table shows a minor difference between the longitudinal and transverse moduli
measured within the Precimould project [81] and supplied by Hexcel. These deviations
are not uncommon for carbon/epoxy composites; Wang, Callus and Bannister [82]
report on deviations of the longitudinal stiffness of AS4/3501-6 measured by different
sources of the order of 12%. Here, the experimental values obtained in the Precimould
work are used for the simulations.

Cure conversion and viscosity

The cure conversion and viscosity corresponding to the temperature profile of figure
3.2, computed with equations (3.1) and (3.3) respectively, are shown in figure 3.4.
The cure conversion curve shows the S–shaped curve, which is typical for the initially
autocatalytic reaction that becomes more diffusion controlled near completion. The
reaction appears not to be fully complete, it stops at a conversion of 92%. Apparently,
the diffusion of reactants becomes too slow at the curing temperature of 180 ◦C.

Property Value Property Value

Ef1 228 GPa Em 4.67 GPa
Ef2 15 GPa νm 0.37
Gf12 20 GPa αm 65·10−6 ◦C−1

Gf23 5 GPa βm 6.0·10−3

νf12 0.27
αf1 -0.4·10−6 ◦C−1

αf2 12·10−6 ◦C−1

Vf 60%

Table 3.2: Elastic and thermal properties of AS4 carbon
fibre [79] and Hexcel 8552 epoxy resin
(suppliers data)
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Property Predicted value Measured value

E1 (GPa) 134.5 135 – 141†

E2 (GPa) 8.0 9.6 – 10†

G12 (GPa) 3.8 5.5
G23 (GPa) 2.8 3.9

ν12 0.31 0.30
α1 (◦C−1) 0.31·10−6 0.28·10−6

α2 (◦C−1) 33.2·10−6 33.2·10−6

β1 6.8·10−5 -
β2 3.4·10−3 -

Table 3.3: Elastic and thermal properties of AS4/8552 UD
composite with Vf = 60%, both measured [81]
and predicted with micromechanics (rules of
mixture [34]); †suppliers data

Post–curing at a higher temperature accounts for the remaining part of the conversion,
which was observed by Hubert et al. [83] in their study of the cure kinetics and
viscosity of the same epoxy system. The cure conversion curve of figure 3.4
corresponds well to the prediction and measurements by Hubert et al., which were
also confirmed by more recent work by Ng et al. [84].

The viscosity decreases rapidly as the resin is heated up to the curing temperature.
Subsequently, the gelation causes a sharp increase of the viscosity after about
100 minutes. The further increase after 200 minutes due to the cooling to room
temperature has no physical meaning; as discussed, the viscosity was only measured
up to the gel point.

The viscosity profile agrees reasonably well with the work of Hubert et al. and Ng
et al., although the initial viscosity is somewhat lower in the latter two cases. The
sharp increase after 100 minutes, likely to be caused by the gelation of the reacting
polymer, is the same for the current fit and the other two sources.

Stress calculation

The development of the normal stresses in the 0◦ and 90◦ directions, denoted
respectively by σ1 and σ2, is shown as a function of the curing time in figure 3.5.
The longitudinal stress σ1 grows linearly during the ramp-up of the temperature, to
remain at a fixed value up to 105 minutes during the isothermal dwell. Until this
point, the transverse stress σ2 remains equal to zero. Then, both stresses increase,
showing the same tendency as the cure conversion curve of figure 3.4.

The interpretation of this behaviour is as follows. The matrix behaves viscous–like
up to the ‘knee’ at 105 minutes. The transverse stress, dominated by the matrix,
relaxes completely. The stress in the longitudinal direction is caused by the fibres.
The fibres exhibit negative thermal expansion, i.e. they contract as they are heated.
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Figure 3.4: Cure conversion and viscosity of 8552 epoxy resin

Suppressing the in–plane DOFs results in a tensile stress in the fibre direction. This
elastic stress does not relax, whilst the matrix part of the stress in the fibre direction
fully relaxes. It appears that the matrix becomes elastic at 105 minutes, and is able
to sustain the stress induced by the polymerisation shrinkage. This shrinkage was
assumed to be linear with the cure conversion, which explains the similarity with
the shape of the cure conversion curve. The point where the transverse stress starts
to evolve, corresponds with a cure conversion of approximately 65%, see figure 3.4.
This agrees well with experimental observations by Olivier, Cavarero and Cottu [85].
They measured the curvature of non–symmetric crossply carbon/epoxy laminates
(Hexcel T2H 132 300 EH25, Vf = 66%) at different times during the curing cycle,
and concluded that no stresses stemming from chemical shrinkage appeared before a
minimum cure conversion of 62%. It is recognised that the EH25 epoxy differs from
the 8552 epoxy used here, yet both epoxies cure at the same temperature and show
much resemblance in rheological behaviour [86, 87].

From figure 3.4 it can be observed that only 35% of the total cure shrinkage causes
residual stress. It was mentioned that the conversion occurring during ramp–up was
small. Examining figures 3.4 and 3.2 shows that this conversion was about 15%. The
volumetric shrinkage was only measured during the isothermal dwell, yet it is ‘spread’
over the complete cure cycle in the simulation. This inconsistency leads to a small
underestimation of the stress induced by the chemical shrinkage, which is neglected
for now. After the isothermal dwell that ends at 200 minutes, the elastic tensile
stresses caused by constrained cooling are recognised.

Curvature related to stress prior to release

The stresses σ1 and σ2 that are present at the end of the curing cycle will cause
curvature of the non–symmetric crossply laminate. The curvature can be evaluated
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Figure 3.5: Modelled normal stresses in the global x–direction, respectively σ1 in the
0◦ply and σ2 in the 90◦ply

analytically in this case, which is demonstrated briefly. The internal force and moment
resultant are obtained by integrating the normal stress over the thickness of the
laminate:

Nx = Ny =

h/2∫
−h/2

σ(z) dz =
h

2
(σ1 + σ2)

Mx = −My =

h/2∫
−h/2

σ(z)z dz =
h2

8
(σ1 − σ2)

Nxy = Mxy = 0

(3.29)

where h is the laminate thickness. Substituting {N} and {M} in the CLT relation,
which was introduced in chapter 2:

{
ε0

κ

}
=
[

a b
h d

]{
N
M

}
(3.30)

yields the midplane strains and curvatures in terms of the stresses σ1 and σ2:
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2
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2
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κx = −κy =
(

h2

8
(d12 − d11) − h

2
b11

)
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(
h2

8
(d11 − d12) − h

2
b11

)
σ2

(3.31)

Evaluating equation (3.31) numerically demonstrates that the curvature is almost a
direct measure of the transverse stress σ2 in non–symmetric carbon/epoxy crossply
laminates:

κx = −5.3 · 10−3σ1 + 58.4 · 10−3σ2 (3.32)

The curvature corresponding to the stresses prior to release, which were calculated as
σ1 = 35.9 MPa and σ2 = 59.3 MPa, has a value of 3.28 m−1. This agrees to within
5% of the measured curvature, which had a value of 3.14 m−1.

Conclusion

The UD viscoelastic model was utilised to predict the residual stress state in a
non–symmetric carbon/epoxy crossply. The resulting curvature agrees well with
experimentally obtained results, although the residual stress caused by chemical
shrinkage was presumably underestimated.

It showed that thermal stress builds up in the fibre direction and that all stress
relaxes in the transverse direction while the matrix is viscous. A sharp increase in
the chemically induced stress was observed at 65% cure conversion, which indicates
a conversion to more elastic material behaviour. This conversion is further discussed
in section 3.5.

3.4.2 Process dependence – boundary conditions

The performance of the UD viscoelastic material model was demonstrated on the
basis of a practical example in the previous section. The curing of a non–symmetric
crossply was simulated, suppressing all in–plane DOFs under the assumption of stick
conditions between the laminate and the rigid tool. The through–thickness expansion
was not restricted. In this case, it appeared that the transverse stress, which is
dominated by the matrix, relaxes completely when the matrix is in its viscous state.

Only the deviatoric part of the matrix stress is susceptible to relaxation, see
equation (3.8). As the boundary conditions determine the proportions of the
deviatoric and hydrostatic stress, they implicitly influence the evolution of the stresses
in the curing thermoset composite. The effect of different boundary conditions on
the stress state in the curing composite is discussed subsequently. Spring–forward
simulations are performed with the curing thermoset material model, which is
extended to the woven fabric formulation that was discussed in section 3.3. The
boundary conditions represent different processes that are applied in thermoset
composite moulding: ‘free standing’ cure, autoclave moulding and resin transfer
moulding (RTM). The three processes are ordered with respect to the ‘tightness’
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Figure 3.6: Meshed arc section with (a) freestanding, (b) autoclave and (c) closed
mould boundary conditions

of the boundary conditions, ranging from free to fully constrained. All simulations
are performed with the AS4/8552 composite, disregarding the fact that the 8552
epoxy is not of an injection grade, hence usually not applied for RTM. The boundary
conditions involved are referred to as closed mould conditions for the sake of clarity.

Plane strain spring–forward model

An arc section with an enclosed angle of 90◦ is meshed with linear plane strain
quadrilaterals (quads), similar to the simulation of the non–symmetric crossply
model of section 3.4.1. Again, each of the four nodes possesses three DOFs: two
displacements uθ and ur and the temperature T . Figure 3.6 shows the mesh, which
contains 40 quads over the arc length and 6 through the thickness. The boundary
conditions representing the different moulding processes are indicated in the three
subfigures. The cylindrical coordinates θ and r correspond to the in–plane and
through–thickness material coordinates (x and z), respectively.

The radius is arbitrarily chosen as 10 mm, the thickness as 2.0 mm. The material
consists of woven fabric reinforced AS4/8552 (Hexcel AGP193–WP). The fabric is
a plain weave with an areal density of 193 g/m2 and an estimated yarn count of
500 m−1. The fibre volume fraction Vf is 55%. The thermoelastic properties were
calculated with the woven fabric micromechanics (chapter 2). They are compared
to measured properties in table 3.4. The measurements were performed within the
framework of Precimould [81].

The deviations between the predicted and measured thermoelastic properties of the
woven fabric AS4/8552 composite are considerable. The average of the PP and SS
models provides a good estimate of the in–plane tensile modulus. The in–plane and
through–thickness CTE are overestimated, by about 70% and 20% respectively. The
properties predicted with the WF PP configuration are used for the simulations. The
main purpose of the simulations here is to compare the influence of different boundary
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conditions; a comparison of the modelling results with spring–forward measurements
would require a more critical assessment of the results in table 3.4.

The single ramp curing cycle of figure 3.2 is again followed by prescribing
the temperature equally on all nodes. The exothermic heat generated by the
polymerisation reaction is neglected, similar to the non–symmetric crossply exercise.
Consequently, the cure conversion and the evolution of the viscosity that are shown
in figure 3.4 apply to the current simulations.

Prior to the viscoelastic simulations, the FE simulation was checked with respect
to the linear thermoelastic solution and/or the geometrically derived expression,
equation (2.2). Elastic properties were assigned to the elements, and a temperature
change of 1◦C was imposed. The resulting spring–forward was within 0.1% of the
analytical solution.

Free standing cure

Generally, free standing cure indicates the out–of–mould post–curing of a partially
cured product. The use of the terminology in the current context is therefore not
correct with respect to the actual process. Here, free standing cure means that
only rigid body motions are suppressed. Further constraints, except for the plane
strain condition, are absent. This approach is not feasible in the curing of composite
products in practice. The highly viscous material would not keep its shape without
tooling, and simply sag under the influence of gravity. The modelling approach
is solely for comparison with the subsequent simulations of the other boundary
conditions.

The rigid body motions are suppressed by imposing symmetry conditions on the
left hand side of the arc section, and by suppressing uz of a single node on the axis

Property Unit Experimental WF PP WF SS

Ex, Ey GPa 62–66† 65 58
Ez GPa 9 10 9.8
Gxy GPa 4.3 4.6 4.5

Gxz, Gyz GPa 3.0 4.0 3.8
νxy – 0.05 0.036 0.035

νxz, νyz – 0.5 0.50 0.51
αx, αy 10−6/◦C 2.5 4.1 4.5

αz 10−6/◦C 60 69 70
βx, βy 10−4/◦C - 3.7 4.1

βz 10−4/◦C - 55 56

Table 3.4: Thermoelastic properties of plain weave
AS4/8552(193 g/m2, Vf = 55%), measured [81]
and calculated with woven fabric micromechanics;
†suppliers data
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Figure 3.7: Evolution of the radial (a) and tangential strain (b) of a woven
fabric composite arc section during free standing cure according to the
temperature profile of figure 3.2; the strain axes are not proportional

of symmetry. The arc section remains free of stress on the laminate scale during the
curing cycle. The in–plane tangential strain εθ and the through–thickness, or radial,
strain εr evolve as a function of the temperature and the resulting cure conversion.
Figure 3.7 presents the evolution of the strains during the curing cycle.

Figure 3.7 (a) shows the radial strain as a function of the curing time. The radial
strain is an order of magnitude larger than the tangential strain, which is shown in
figure 3.7 (b). Three regions are discerned in figure 3.7 (a): expansion due to heating,
contraction caused by the polymerisation shrinkage and contraction during elastic
cool–down. It shows that the expansion during the heating ramp is larger than the
contraction during cooling. During heating, the matrix is in its viscous state. All
deviatoric stresses in the matrix relax, and it behaves as an incompressible liquid.
The liquid is constrained by the relatively stiff fibres in the tangential direction and
by the plane strain condition in the axial direction. Hence, the volumetric expansion
of the matrix is forced into the radial direction. Prior to cooling, the matrix becomes
elastic. The thermal mismatch between the compressible matrix and fibres leads to
an equilibrium state of the stresses present in the matrix and fibres. Cooling takes
places with the ‘ordinary’ elastic CTEs (table 3.4).

The polymerisation shrinkage is visible as the decrease of the radial strain during
the isothermal dwell period. This shrinkage is different in the viscous and elastic
state of the matrix, just like the thermal expansion. Yet, the conversion of viscous
to elastic is not clearly visible in the radial polymerisation strain. In figure 3.7 (b)
the conversion is discerned as a sudden increase of the tangential strain at about 105
minutes. As was discussed in the case of the non–symmetric crossply (section 3.4.1),
the fibre strain is the only strain present in the fibre direction when the matrix is



3.4 Results 73

viscous. Therefore, no polymerisation shrinkage is present in the tangential direction
up to the conversion point. The thermal expansion is negative in the fibre direction
due to the negative CTE of the carbon fibres. Cool–down to the room temperature
occurs with the thermoelastic tangential CTE as presented in table 3.4.

The spring–forward of the arc section was calculated at each time step from the
displacements of two nodes on the free end, and by substitution of the radial and
tangential strains in equation (2.2):

∆φ = φ
εθ − εr

1 + εr

The FE model and the analytical prediction agreed within 0.1%. A graph of the
spring–forward vs. curing time is shown in figure 3.8. Its shape matches the shape of
the curve shown in figure 3.7. The arc section ‘springs back’ during heating up. The
spring–back decreases when the chemical shrinkage sets in. A net spring–forward of
0.05◦ remains when the cycle is completed.
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Figure 3.8: Spring–forward of the arc section as a function of the curing time during
free–standing cure

Autoclave moulding

Autoclave moulding starts with stacking individual pre–impregnated (prepreg) plies
with a desired orientation onto a tool. This happens at room temperature, and the
prepreg layers have a considerable viscosity (> 106 Pa·s). The tool may consist of a
metal or a composite, and it is usually covered with a release agent or release foil. The
stack of prepreg layers is covered with ‘bleeder’ and ‘breather’ sheets and a flexible
vacuum bag. The stack is degassed and pressed tightly onto the tool when vacuum is
enforced between the flexible bag and the tool. The vacuum–drawn configuration is
subsequently transferred to an autoclave oven, where the prepreg layers consolidate
and cure under a pressure of, typically, 6 bar at elevated temperature.
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The autoclave moulding process can be translated to an FE simulation in different
ways. The influence of the autoclave pressure may be neglected beforehand, as it is
relatively small (0.6 MPa) compared to the internal stresses that may arise in the
composite (30 to 60 MPa, see figure 3.5). The tool can be assumed to be rigid, as was
the case in the non–symmetric crossply exercise discussed in section 3.4.1. When the
thermal expansion of the tool is taken into account, the deformation mechanism in
the laminate can be modelled with different levels of complexity. The laminate can be
subjected to a uniform state of in–plane strain, or it can be allowed to shear through
the thickness, taking into account interply slippage effects. In the latter case, the plies
that are close to the tool deform more than the plies on top of the laminate. Twigg,
Poursartip and Fernlund focussed on this ‘tool–part’ interaction with an experimental,
analytical and numerical study [13, 88, 89]. The effect of tool–part interaction will
be considered in chapter 4.

The laminate is assumed to stick to a presumably rigid tool in the current exercise.
The nodes on the bottom of the arc section are suppressed in the radial and tangential
directions. Symmetry conditions are imposed on the left hand side. The tangential
displacements are suppressed on the right end of the arc section, which corresponds
to the omitted presence of a leg that sticks to the tool. The autoclave pressure
is neglected; the through–thickness stress remains equal to zero during the cure
simulation. The resulting non–zero through–thickness strain εr and in–plane normal
stress σθ are shown as a function of the curing time in figures 3.9 and 3.10, respectively.
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Figure 3.9: Radial strain in the case of autoclave curing of an arc section

The through–thickness strain develops qualitatively like the through–thickness strain
in the case of free standing cure conditions (figure 3.7). The expansion during
heating is somewhat smaller with the autoclave conditions, which can be attributed
to the suppression of the fibre contraction. Free contraction of the fibres leads to an
additional expansion of the matrix in the radial direction.

The in–plane normal stress is not uniform through the thickness, but distributed
approximately linearly. Figure 3.10 (a) depicts the course of the tangential stress at
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Figure 3.10: Tangential normal stress σθ (a) as a function of the curing time at
different points through the thickness and (b) as a function of the radial
coordinate z for different times

four points through the thickness of the arc section. Three times are indicated: t1
at the end of the ramp–up, t2 at the end of the isothermal dwell period and t3 just
before release of the constraints. The through–thickness stress distributions at these
times are shown in figure 3.10 (b).

The linear distribution results from the coupling between the tangential and radial
strain. This coupling appears in the strain–displacement relations of a cylindrical
segment, equations (2.66), as the term w/R. Figure 3.11 demonstrates how the
additional tangential strain is introduced by a radial strain in the case of an arc
segment that is subjected to the autoclave moulding boundary conditions.

R

R + zR + z(1 + εr)

ds

ds′

Figure 3.11: Coupling between tangential and radial strain

The arc length ds with the radial coordinate R+z deforms to ds′ with the new radial
coordinate R + z(1 + εr). The additional tangential strain εr

θ is calculated as:

εr
θ =

ds′ − ds

ds
=

(R + z(1 + εr))φ − (R + z)φ
(R + z)φ

=
zεr

R + z
(3.33)
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where φ is the enclosed angle. The additional tangential strain becomes linear for
larger radius over thickness (R/t) ratios. Here, the ratio is 5, which allows no further
simplification of equation (3.33) to εr

θ = z/Rεr. However, the through–thickness
distribution of the tangential normal stress in figure 3.10 is fairly linear. Refinement
of the mesh probably leads to a more accurate solution.

The arc section was ‘released’ at the end of the curing cycle. Suppressing only the
rigid body motions, the spring–forward was calculated to be 0.05◦.

Closed mould conditions

The closed mould conditions that are addressed here represent the RTM process.
RTM is the process of injecting resin into a closed mould, which contains a fibre
preform. This preform may consist of any continuous fibre architecture, such as
woven fabrics, braids, non–crimp fabrics, etc. Resins that are designated for RTM
have a lower initial viscosity than the resins applied for prepregs. The lower viscosity
facilitates injection, especially when the viscosity is decreased by injection at elevated
temperatures of e.g. 60◦C. The injected preform cures at controlled temperature until
it is fully cured or sufficiently stable to be postcured free standing.

It is assumed that the preform is fully impregnated at room temperature. The
injection pressure is not taken into account. The closed mould is simulated by
suppressing all displacements uθ and ur on the contour of the arc section. The
stresses σθ and σr are solved as a function of the curing time. Figure 3.12 shows the
results.
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Figure 3.12: Tangential stress σθ and radial stress σr in a fully constrained arc section

Figure 3.12 shows that both the radial and tangential stresses are compressive.
Apparently, a large hydrostatic pressure is built up during heating. The pressure
is attributed to the matrix, which behaves as a nearly incompressible liquid in its
viscous state. The tangential stress is smaller than the radial stress. The reason is
twofold. Firstly, the fibres, which dominate the tangential stress, are compressible
so a part of the hydrostatic pressure of the matrix is ‘relieved’ through volumetric
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deformation. Secondly, the pressure is counteracted by the tensile stress caused by
suppression of fibre contraction during heating.

Comparison

The spring–forward at the end of the curing cycle was calculated as 0.050◦, 0.050◦ and
0.049◦ in the case of free standing, autoclave and closed mould conditions, respectively.
These results invoke two discussions.

Firstly, the calculated spring–forward is small. Garstka, Potter and Wisnom [15]
performed spring–forward measurements on QI L–shaped parts manufactured from
AS4/8552 UD prepreg. They measured changes of the enclosed angle of approximately
1◦. Although the material differs from the fabric composite used here, the cure cycle
is slightly different and the fibre volume fraction might deviate, this 1◦ spring–forward
can be taken as a guideline. This was confirmed by measurements that were
undertaken on U–shaped parts in the Precimould project [90].

Figure 3.8 demonstrates that if only the ‘elastic part’ of the curing cycle (after 105
minutes) is considered, the thermoelastic spring–forward is indeed about 1◦. Yet,
the same figure shows that a large amount of spring–back is caused by heating.
This translates to stresses in the cases of autoclave and closed mould curing.
In all three cases, it shows that the stresses and/or deformations resulting from
heating compensate for the stresses and/or deformations caused by the polymerisation
shrinkage and cooling, together.

Secondly, it appears that the different boundary conditions all yield the same
result in the end. This is not an inherent quality of the material model, but a mere
coincidence. When the proportion of the thermal expansion/contraction changes with
respect to the polymerisation shrinkage, the differences are more pronounced [91].

It is recognised that the model described here, although intended as a
demonstration of the influence of boundary conditions, predicts the spring–forward
of an AS4/8552 L–shaped part poorly. It shows that considerable stress develops
when the composite is in its viscous state. This stress is caused by the fibres, in the
fibre direction specifically. In reality, the fibres are embedded in the viscous resin,
and restriction or deformation by the tools is enforced through the compliant resin.
It is the resin viscosity, thickness, part length, etc. which dictates how much the
fibres are loaded. However, the fibres and the matrix are joined together through the
parallel connection in the fibre direction in the model. Therefore, the deformation of
the fibres is always fully prescribed by the deformation of the laminate in the fibre
direction.

It is interesting to compare the non–symmetric crossply problem of subsection
3.4.1 and the spring–forward simulations. It was shown that the warpage of a
non–symmetric AS4/8552 crossply was predicted within 5% of the measured results.
This warpage appeared to be dominated by the stress transverse to the fibre direction,
hence dictated by the thermal and polymerisation shrinkage of the resin. Confidence
in the description of the resin shrinkage was established. The warpage was found to
be insensitive to the stresses in the fibre direction. Yet, these stresses influence the
spring–forward of arc sections. With the modelled boundary conditions, stresses that
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have built up in the viscous state of the composite contribute as spring–back when
they are released at the end of the cure cycle.

3.5 Instantly viscous to elastic material model

It was argued that the viscoelastic material model exhibits an ‘instant’ transition
from viscous to elastic behaviour in the case of the curing AS4/8552 composite. The
response of the composite material is characterised by the responses of the elementary
parallel and serial connections of the elastic fibre and viscoelastic matrix as was
depicted in figure 3.1. The viscous to elastic transition is illustrated on the basis
of the material behaviour in the transverse direction. Consider the serial connection
of the elastic spring and Maxwell element as shown in figure 3.13.

Ef Em η

Figure 3.13: Serial connection of elastic fibres (spring) and viscoelastic matrix
(Maxwell element)

The fibres are considered to be isotropic for convenience. If all couplings with the
other material directions are neglected and the stress is assumed to be equal in the
three elements (two elastic springs and a viscous damper), the following differential
equation (DE) is obtained:

σ̇

Ef
+

σ̇

Em
+

σ

η
= ε̇ (3.34)

Applying the technique described in appendix B, again for a constant strain rate ε̇,
yields the incremental formulation of the solution of the DE as:

σ = e−(E2/η)∆tσ0 +
1

∆t
η
(
1 − e−(E2/η)∆t

)
∆ε (3.35)

where σ0 is the stress at the start of the increment and E2 represents the transverse
stiffness of the composite in terms of the two springs as:

E2 =
EfEm

VfEm + (1 − Vf ) Ef
(3.36)

Evaluating equation (3.35) with a fixed modulus E2 and time step ∆t, the limits for
viscous and elastic behaviour are recognised: lim

η→0
σ = 0 and lim

η→∞σ = σ0 + E2∆ε,

respectively.
The relaxation time is defined as trel = η

E2
. The dimensionless Deborah number De

defines the ratio between the time period over which the stress response is considered,
or the process time tp, and the relaxation time:

De =
tp
trel

(3.37)
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Obviously, the function e−(E2/η)∆t = e−De prescribes the time dependent behaviour
of the stress response given by equation (3.35) . For convenience, it is called the
‘decay’, and it is plotted as a function of the Deborah number De in figure 3.14, both
with an ordinary and a logarithmic x–axis.
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Figure 3.14: Decay function exp(−De) plotted with (a) normal and (b) logarithmic
x–axis

Figures 3.14 (a) and (b) show that the transition from viscous (De � 1) to elastic
(De � 1) takes place within 3 decades of De (0.01 to 10). The next step is to
relate this transition to the evolution of the Deborah number in the case of the
curing AS4/8552 composite material. As it was assumed that the elastic stiffnesses
of both fibres and matrix remain unchanged, thus the relaxation times are a function
of the matrix viscosity only, the evolution of De is retrieved from the viscosity profile
presented earlier in figure 3.4. The modulus E2 is taken as 10 GPa, the time step as
150 s. Figure 3.15 depicts De as a function of the curing time according to the cycle
discussed previously. Only a part of the cycle is shown.

When the three decades of De where the transition from viscous to elastic takes
place are observed more closely (marked by dotted lines), it appears that they coincide
with a period of about five minutes on the time scale. This period equals two time
steps in the simulation. In other words, the viscous to elastic conversion occurs within
two time steps.

Two conclusions may be drawn from this particular analysis. The first would be
that much smaller time steps are required to give a detailed view of the viscoelastic
behaviour in the transition period. Yet, this would not alter the final solution in the
stress model. The model gives a good solution for large time steps and the viscoelastic
stress computed in the transition period is negligible with respect to the elastic stress
computed subsequently.

The second conclusion is that the viscoelastic material model may be simplified to
an ‘instantly viscous to elastic’ (IVE) model. In fact, the viscoelastic model can be
replaced by a thermoelastic model, where the elastic properties of the matrix change
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Figure 3.15: Deborah number De of 8552 epoxy resin as a function of the curing time
as shown in figure 3.2; the dotted lines mark the two decades in which
the viscous to elastic transition occurs

instantaneously at a certain transition point. This point can be the moment where
the Deborah number equals unity, or De = E2∆t/η = 1 in the specific case discussed
here. The thermoelastic model with changing elastic properties is translated into a
mechanical analogy as shown in figure 3.16.

Ef

Ef

Em(De)

Em(De)
transverse

longitudinal

Figure 3.16: Mechanical analogy of the thermoelastic material model with changing
elastic properties of the matrix

Table 3.5 provides well–established assumptions regarding the thermoelastic
properties of an amorphous polymer in the solid and rubbery state [8, 92], here
regarded as elastic and viscous, respectively. The Young’s modulus is relatively small
in the viscous state, while the bulk modulus remains of the same order of magnitude
(a factor of 2 to 3 smaller). The thermal expansion of an amorphous polymer above
Tg is generally 2 to 3 times larger than below Tg.

The assumptions regarding the matrix properties of table 3.5 can be used to
calculate the properties of a composite in the viscous and elastic states. The relevant
micromechanics supply the properties for UD plies, UD laminates and fabric weaves.
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Property Elastic Viscous

Young’s modulus Em Ev
m � Em

bulk modulus Km Kv
m ∼ 1

3Km

Poisson’s ratio νm νv
m ∼ 1

2

CTE αm αv
m ∼ 3αm

Table 3.5: Estimates for the thermoelastic properties of a plastic in its elastic and
rubbery (viscous) state, after Struik [8]

Here, two remarks must be made.
Firstly, it was discussed in section 3.3 that the viscous part of the woven fabric

viscoelastic material model did not take into account the undulation of the yarns.
The creep matrix [C�], which is used in the fabric description, remained based on the
initial UD viscoelastic behaviour. The effect of fibre undulation was discounted by
using the elastic stiffness matrix and the CTEs that were calculated with the woven
fabric micromechanics model. Consequently, the viscous state of the woven fabric
material is described with the ‘viscous’ thermoelastic properties of a UD crossply.

Secondly, the viscoelastic material model was founded upon thermorheological
simplicity, which roughly means that the elastic properties and CTEs do not change
during the curing process. Hence, the increase of the thermal expansion when
a polymer is heated through its glass temperature was not incorporated in the
viscoelastic model. When matching the IVE model with the viscoelastic model, the
CTE of the matrix material must remain constant, also.

Table 3.6 lists the properties that are required for the IVE representation of the
viscoelastic woven fabric material model. Feeding these properties into the IVE model
reproduces the results of the boundary conditions analysis conducted previously. The
properties in the elastic state are again calculated with the WF PP model (see also
table 3.4).

The in–plane moduli Ex and Ey decrease little, as they are dominated by the
fibre stiffness. The through–thickness stiffness Ez increases; the incompressible
matrix is restrained by the relatively stiff fibres in the plane of the composite,
which results in extra stiff behaviour in the normal thickness direction. Note that
when the incompressibility condition is slightly relieved, for example νv

m = 0.48,
Ez drops to a low value. The matrix–dominated shear moduli, in–plane as well as
through–thickness, decrease considerably when the matrix modulus decreases. The
in–plane Poissons’s ratio, which is already small for ‘elastic’ crossplies or woven
composites, decreases further. Apparently, the coupling between a deformation in
one in–plane direction is coupled with the other via the matrix. The out–of–plane
Poisson’s ratios are larger in the viscous state than in the elastic state. This effect is
attributed to the same stiffening effect that the incompressible matrix has on Ez. The
CTEs αx and αy equal the CTE of the fibre in the fibre direction, as was observed in
the simulations earlier. The thermal deformation of the matrix does not contribute
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Property Unit Viscous Elastic

Ex, Ey GPa 61 65
Ez GPa 15 10
Gxy GPa 4.2 · 10−3 4.6

Gxz, Gyz GPa 3.9 · 10−3 4.0
νxy – 8.9 · 10−5 0.036

νxz, νyz – 0.87 0.50
αx, αy 10−6/◦C -0.4 4.1

αz 10−6/◦C 105 69
βx, βy – 0 3.7 · 10−4

βz – 8.4 · 10−3 5.5 · 10−3

Table 3.6: Thermoelastic properties of plain weave
AS4/8552(193 g/m2, Vf = 55%) in the
viscous (νv

m = 0.4999, Ev
m = 10−4Em)

and elastic state

to the in–plane thermal deformation of the composite because the matrix modulus
is very low compared to the fibre stiffness. Instead, the volumetric deformation of
the matrix is forced into the thickness direction, resulting in an increase in αz in the
viscous state. The same reasoning applies for the coefficients of chemical shrinkage.
The in–plane chemical shrinkage βx, βy equals zero (zero fibre shrinkage), βz is extra
large in the viscous state.

3.6 Closure

In sections 3.1 to 3.5 the development of a UD curing viscoelastic material model
was discussed. It was extended to a woven fabric composite model, assessed for
its performance and subsequently simplified. The curing viscoelastic material model
yielded good results in the case of warping of a non–symmetric carbon/epoxy crossply,
but failed to give an acceptable prediction of the spring–forward of an arc section.

Reflecting on the model, the complex material behaviour of the curing composite is
highly simplified by the spring–damper analogy and subsequently by the IVE model.
Although the spring–damper based model requires some manipulation, it is accessible
and well–implementable in an FE code. The IVE model is even more suited for
implementation in commercial packages. Holmberg and Svanberg [72] demonstrated
how a similar material model was used for spring–forward simulations with ANSYS.

A single step curing cycle was assumed in the current analyses. In the introduction
of this chapter, it was mentioned that a curing cycle may consist of two steps or
more. Multi–step curing offers the possibility of reducing in–mould curing time, and
residual stresses and accompanying shape distortions can be reduced. Therefore,
the applicability of the current modelling strategy should be checked for multi–step
curing. The incorporation of the concept of frozen–in strains, which was recently
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suggested by Svanberg [5, 70], provides an attractive and efficient extension of the
IVE material model.

The tools were assumed to be rigid in the simulations described in this chapter. The
interaction between the laminate and the tools was modelled with stick conditions.
Yet, the results of recent research, which are discussed subsequently, show that the
approach of assuming stick conditions on rigid tools is a too simplified representation
of the actual interaction between the tools and the curing composite.

Potter et al. [14] recently (2004) performed an experimental study on the generation
of deformations induced by tool–part interaction. They observed considerable
warpage in UD carbon/epoxy laminates that were moulded both on flat ‘forced
interaction’ tooling and a ‘joggle tool’, which consists of a flat tool with a smaller
flat tool on top. The forced interaction tooling distinguishes between tool–laminate
interaction and interply slippage effects. The joggle tool enforces fibre bending and
wrinkling, which resulted in a redistribution of tool interaction stresses.

Twigg, Poursartip and Fernlund [13, 88] studied the effect of part length on the
warpage of UD carbon/epoxy laminates moulded on flat tools. They proposed an
analytical model for the prediction of part warpage as a function of part length, taking
into account edge and slippage effects in the tool–part interface. A discontinuous stress
distribution was assumed through the thickness, where the ply closest to the tool was
loaded most.

In a successive publication [89], the authors deployed the FE package COMPRO
to simulate tool–part interaction in the autoclave moulding process. A low–modulus
elastic shear layer was modelled between the composite laminate and the tool. It
showed that the tool deformation during heating caused a distribution of stress
through the laminate thickness, which depended strongly on the shear modulus of
the laminate. The stress calculated with the FE model appeared to be continuous,
unlike the discontinuous stress distribution assumed in the analytical model. The
FE model was not able to capture the edge and slippage effects due to the elastic
description of the shear layer.

Thus, the importance of tool–part interaction is recognised in the field of thermoset
composite moulding. The discussed recent studies [14, 13, 88, 89] explore the tool–part
interaction in the field of UD composite laminates. Extension of these studies to woven
fabric composites is recommended here for future research.

In the next chapter, it will be established that tool–part interaction plays an even
more dominant role in the rapid forming of thermoplastic composites. An efficient FE
model is proposed which takes into account interply slip and interaction with tooling.
The model may also be employed for the process modelling of thermoset composites.





Chapter 4

Rapid forming of
thermoplastic composites

The quasi–static, homogeneous curing of thermoset composite materials was discussed
in the previous chapter. It was shown how a linear viscoelastic material model was
simplified to an instantly viscous to elastic (IVE) model. The modelling approach
performed well for the prediction of warpage in non–symmetric crossply laminates,
but lacked sufficient accuracy in the case of spring–forward of woven fabric composite
corner sections. In this chapter, the rapid forming of thermoplastic composites is
addressed. The specific properties of thermoplastic composites and their forming
processes are briefly discussed in section 4.1.

High thermal gradients are present during consolidation of thermoplastic
composites. The effect of the thermal gradients on the residual stress evolution
and the resulting product distortions is addressed in section 4.2 on the basis of
the warpage of rubber pressed thermoplastic composite panels. The IVE material
model is adapted for the solidification of glass weave reinforced PPS. PPS is
a semi–crystalline polymer, which requires a description of the crystallisation
behaviour. The modelling results show that the thermal gradients induce residual
stresses, but do not lead to warpage. The presumably more dominant mechanism of
stress induced by a deformable tool is therefore also introduced. The mechanism is
substantiated with additional experiments.

Chapter 2 mainly focussed on the thermoelastic spring–forward of woven
fabric composite products. The thermally induced spring–forward of singly
curved carbon/PEI panels was measured and successfully modelled with a linear
thermoelastic theory. The total spring–forward, however, was not predicted correctly.
The carbon/PEI panels were produced with the rubber pressing process, and the
poor prediction of the total spring–forward was attributed to process–induced
residual stresses. The spring–forward of more ‘sharply’ bent glass/PPS corner
sections is elaborated in section 4.3 of this chapter. An experimental set–up for
the measurement of the thermally induced spring–forward of sharp corner parts is
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introduced. Subsequently, the experimental results are compared to the – initially
successful – linear thermoelastic theory. However, agreement was not obtained,
revealing a suspected dominant effect of the process–induced stresses.

It is recognised that interply slipping and the interaction between the composite
part and the forming tools are important. However, full product modelling becomes
computationally cumbersome when taking interply slip and tool–part interaction into
account properly. Therefore, an efficient numerical method is proposed in section
4.4. The method consists of a multi–layered membrane element, which utilises a split
approach for the solution of the through–thickness stress distribution and the contact
description.

4.1 Introduction

Thermoplastic polymer matrix materials have been used primarily in injection
mouldable, short fibre reinforced composites. It was not until the early 1980s that the
first continuous fibre reinforced thermoplastic composite appeared. In 1982, Cogswell
introduced continuous carbon fibre reinforced polyetheretherketone (carbon/PEEK),
one of the first thermoplastic composites that was applicable in high–performance
structural components [79]. Carbon/PEEK belongs to the family of aromatic polymer
composites (APC). The relatively late usage of these composites is inherent to a basic
property of the thermoplastic matrix; its high melt viscosity complicates the wetting
of the fibres, which is most important in the fabrication of a composite material. The
high melt viscosity is a disadvantage compared to thermoset polymer matrices, whose
low viscosity provides good impregnation properties.

Thermoplastic polymers offer several advantages over thermosetting polymers. The
toughness is generally higher. The polymer network is not chemically cross–linked,
but the polymer chains are entangled. The chains are able to slip when the polymer
is loaded mechanically, dissipating energy. The chemical cross–links of a thermoset
resin are able to sustain high loads, but they break in a brittle fashion.

Within the family of thermoplastics, crystalline or semi–crystalline polymers
possess additional advantageous properties. These materials form regions where the
polymer chains are ordered into a preferred configuration of lower energy. These
regions are called crystallites, which behave as physical cross–links. The crystallites do
not dissolve due to solvent attack, which makes semi–crystalline polymer composites
suitable for application in aggressive environments. Another benefit of the crystalline
phase is the enhanced creep performance. The disentanglement of the crystallites
takes more time than the disentanglement of the polymer chains in the amorphous
phase. The closer packing of the polymer chains in the crystalline regions results in
an increase of the density. This can lead to considerable residual stresses when the
presence of a fibre reinforcement restrains the crystallisation shrinkage. The forming
of the crystalline phase depends on the polymer and the processing history, hence also
the stress caused by crystallisation shrinkage. Cooling too slowly from the melt leads
to excessive crystallinity, which may result in brittle material behaviour. Fast cooling
results in low crystallinity or completely amorphous material, as the crystallites
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simply do not get the time to grow. The temperature at which crystallisation starts
also depends on the cooling rate. This influences the moment at which residual
stresses start evolving, something which should be taken into account when predicting
these stresses. The stresses induced by crystallisation are discussed in more detail
subsequently.

The largest advantage of thermoplastic composites compared to composites based
on a thermoset resin is the ability to melt and solidify. Shaping and reshaping can take
place repeatedly, since the network formation of a thermoplastic is purely physical
and mainly driven by temperature. In other words, a thermoplastic composite can
be repetitively melted, shaped and cooled. The time required for such processing
operations can be of the order of minutes, depending on the wall thickness of the
product in question. Typically, a thermoset composite product is cured in several
hours, and when it is cured it cannot be reshaped. The ability of rapid shaping
makes thermoplastic composites commercially attractive for large product series.
Thermoplastic composites are suited for ‘mass production’ in the perspective of
advanced polymer composites.

Different forming processes have been developed for the production of continuous
fibre thermoplastic composite materials [79, 93, 2]. Here, only the sheet forming
processes are briefly discussed.

Thermoplastic sheet forming usually starts with cutting a preconsolidated laminate
into a blank. This blank is cut in such manner that it conforms to the unfolded shape
of the press product. The cutting is not trivial; the appearance of wrinkles in the
final product can be prevented to a large extent with a well–chosen blank. The
blank is heated to a temperature at which the matrix material melts and becomes
sufficiently viscous. This heating may take place between two infra–red radiating
platens. Subsequently, the melted blank is transported quickly to the press, where it
is formed to its required shape between the tools. The configuration of the tooling
discerns between different processes. Most of the processes originate from metal
forming such as matched die moulding, rubber die moulding, hydroforming and deep
drawing. Matched die and rubber die forming are discussed in more detail further on.

Diaphragm forming has been designed exclusively for thermoplastic composite
forming [2]. Briefly, the blank is vacuum–drawn between two diaphragms, which
are made of polymer film or sheet rubber. Subsequently, the diaphragm–blank
sandwich is heated in an oven and then vacuum–drawn onto a tool and/or put under
pressure. The latter option coincides with autoclave forming when the diaphragms
are omitted. Autoclave forming can be applied for the integrated manufacture of
stiffened structural panels, using the co–consolidation technique [16].

Matched die moulding, also known as stamping, is performed with two matching
metal tools. The forming is extremely rapid due to the good cooling capacity of
the metal dies. A drawback of the process is that it is difficult to obtain an evenly
distributed pressure, specifically in the case of deep products.

The rubber forming process [94, 95, 96] employs a steel tool and a rubber tool.
The deformability of the rubber tool contributes to a well–distributed, or hydrostatic,
pressure over the product geometry. The rubber tool can match the steel tool, but
flat rubber tooling may also be applied. Figure 4.1 shows a schematic representation
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Figure 4.1: Principle of rubber forming

of the rubber forming process with matched tools.
Stork Fokker AESP (Hoogeveen, The Netherlands) uses the rubber forming process

as shown in figure 4.1. The steel tool is placed onto an oil–heated base plate. The
steel tool will retain the temperature of the base plate due to the high mutual heat
transfer and the thermal mass of the base plate. The temperature of the rubber tool
is not actively controlled. It heats up to a steady state temperature, which depends
on the heat radiating from the base plate.

Employing a rubber tool influences the quality of the products manufactured.
Apart from the good pressure distribution, the rubber tool has some complicating
qualities as well. For instance, the poor heat conductivity of the rubber minimises the
heat transfer from the hot laminate to the rubber tool. The steel tool acts as a good
heat absorbent. As a result, the cooling is unbalanced and large through–thickness
thermal gradients may be expected in the laminate, especially in the case of thick
products. It was discussed that the crystallinity of (semi–)crystalline polymers
depends on the cooling rate. Therefore, the thermal gradients are accompanied
with gradients in crystallite morphology and size, which in turn result in shrinkage
strain gradients. Thermal gradients are a well–established cause for warpage in
injection moulding technology [97]. Residual stresses caused by unbalanced cooling
of semi–crystalline composites are discussed in section 4.2.

The mechanical loading of the laminate during rubber pressing is also highly
unbalanced. The laminate is draped onto the steel tool. The steel tool may be
considered to be rigid. Its thickness makes it stiff relative to the laminate and its
temperature will not change, which excludes thermally induced deformation. The
rubber tool is highly deformable with respect to shear deformation. Typically, the
shear modulus of a (silicone) rubber is of the order of 5 to 50 MPa. The rubber
may be considered nearly incompressible, hence very stiff in constrained compression.
In general, the steel tool, laminate and rubber tool will not match seamlessly. For
example, consider the forming of laminates of different thicknesses with the same
tools, or the thermal expansion of the rubber tool when its steady state temperature
changes. Clearances are filled and superfluous rubber pushed elsewhere as a result.
Some rubber flow will occur, which may excite traction forces on the laminate.

The unbalanced thermal and mechanical loading can result in considerable
distortions of the required product geometry. Significant warpage is observed, apart
from the already discussed spring–forward of corner sections. Figure 4.2 presents a
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typical example of the curvature that occurs in the flat part of a rib, which was pressed
at Stork Fokker AESP. The rib, consisting of four layers of glass weave reinforced PPS,
is placed in the wing leading edge of an Airbus A340. A little warpage is tolerable
as the compliance of the glass/PPS allows for some correction. The rib shown in the
figure 4.2 was rejected.

warpage

Figure 4.2: Warpage in rubber pressed rib of wing leading edge

The next section addresses the warpage, which occurs in rubber pressed products.
First, the residual stresses due to unbalanced cooling are discussed on the basis
of the warpage observed in glass/PPS panels, which were pressed with flat tools.
Subsequently, the mechanism of transverse shear loading due to rubber flow is
introduced.

4.2 Warpage of rubber pressed plates

The warpage of the stiffener rib shown in figure 4.2 can be induced by different
causes. The stiffener is doubly curved, which evokes a reorientation of the yarns
during draping. The orientation of the yarns varies over the product geometry. The
local thermoelastic properties are distributed likewise, resulting in the occurrence of
membrane stresses [10]. These stresses are also called drape–induced stresses.

The outer edges are bent over the steel tool. The rubber tool may fit too tight
and ‘scrape’ over the bent edges, exerting traction. The fibre stresses caused by the
traction can lead to warpage.

Focussing on stresses induced by cooling gradients, it was chosen to press
thermoplastic panels between flat tools. Drape–induced stresses and scrape tractions
are eliminated. The rubber press experiments are discussed first. The theoretical
analysis is elaborated subsequently.
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4.2.1 Experiments

Glass weave reinforced PPS (glass/PPS) laminates were pressed between a flat rubber
tool and a flat steel tool. The initial goal of the experiment was to measure the effect
of the unbalanced cooling on the final shape of the composite panels. The temperature
distribution through the thickness of the laminate was recorded with thermocouples
placed between subsequent plies. The curvature of the pressed laminate was measured.

Experimental procedure

The glass/PPS laminates were produced by stacking 4 plies of 8H satin E–glass
weave (SS303, Ten Cate Advanced Composites) and 5 plies of PPS foil (Fortron
214) to a balanced and symmetric laminate. The laminate, with in–plane dimensions
of 400 × 400 mm, was consolidated in a Fontijne Grotnes flat platen press at a
temperature of 320◦C and a pressure of approximately 1 MPa. The thickness of the
consolidated laminates was 0.96 mm on average, which corresponds to a fibre volume
fraction of 50%. The laminates were cut in half and cleared of scrap edges, resulting
in specimen panels of 180 × 360 mm2. The flatness of the panels was not measured,
but checked by visual inspection.

Three out of five panels were equipped with fine–gauged J–type thermocouples
(∅ 0.13 mm). Each thermocouple consisted of two wires, which were welded together
at the sensor side. The junctions were not coated. The diameter of the welded
junction was not larger than 0.15 mm. The thermocouples were placed between the
glass weave layers, and on the top and the bottom of the laminate. Figure 4.3 shows
a sketch of a panel with thermocouples.

thermocouple
glass weave ply

Figure 4.3: Schematic representation of the four layer glass weave laminate with
thermocouples

The thermocouples are coated with a glass braid, which allows application up to
temperatures of 400◦C. They were not placed directly on top of each other, but with
a spacing of approximately 3 cm to minimise the disturbance of the local laminate
thickness.

The panel specimens were pressed between flat tools at Stork Fokker AESP. The
lower tool consisted of a 10 mm thick steel plate, which was mounted onto the heated
base plate of the press. The upper tool was a cast silicone rubber block. The length,
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width and thickness of the rubber tool were approximately 880 mm, 350 mm and 80
mm. The rubber block was inserted in the moving part of the press. The temperature
of the rubber tool was not controlled. The pressing cycles started after reaching a
steady temperature of 60◦C, measured on the free surface of the rubber tool.

The panels were taped onto a mounting frame using Kapton� polyimide tape. The
mounting frame consisted of strips, which were cut from a 1 mm thick steel plate.
Figure 4.4 (a) shows a schematic representation of the mounting frame, together with
the steel and rubber tool. Figure 4.4 (b) shows the cross–section of the edge where
the laminate is placed on the mounting frame. Both frame and laminate are pressed
into the rubber tool.

rubber tool

mounting frame

steel tool

laminate
A

A

cross–section A–A

(a) (b)

Figure 4.4: Rubber press configuration: (a) global set–up, and (b) cross–section of the
laminate edge on the mounting frame in the closed press configuration

The pressing cycle started with transport of the mounted laminate to an infra–red
oven. The laminate was heated to approximately 360◦C, which is well above the
melting temperature of the PPS matrix (285◦C). The heating was completed in about
170 seconds. Subsequently, the melted laminate was rapidly transported to the press,
where it was pressed between the tools. The press velocity was approximately 50
mm/s. The laminate was consolidated under a pressure of around 100 bar (10 MPa)
until the release temperature was reached. The release temperature may be well above
the glass temperature of PPS (Tg=85◦C). Typically, the consolidation on a steel tool
set at 160◦C lasted approximately 30 seconds. The pressed laminates were removed
from the mounting frame when the temperature dropped below Tg, assuring that no
further deformation was applied.

Four series of five pressings each were executed in total. The first three series
were dedicated to the effect of the temperature of the steel tool upon the cooling
gradient and resulting curvature of the composite panels. The temperature of the
steel tool was set to 100◦C, 160◦C and 200◦C. In the fourth series, the steel tool was
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Figure 4.5: Temperature of four thermocouples during cooling between the steel and
rubber tool

coated with a layer of glass weave reinforced polytetrafluoroethylene (PTFE), with
tradename Tygaflor. The thickness of the Tygaflor was approximately 0.25 mm. The
layer of Tygaflor was applied to measure the effect of the reduced heat transfer to the
steel tool.

Measured temperature distribution

The temperature of the panels equipped with the thermocouples was continuously
logged using a data acquisition board (Strawberry Tree) and a PC with Quicklog
software. The log rate was set to 5 Hz. A ‘burst’ of 15 seconds with a log rate of 100
Hz was initiated as soon as rapid cooling started after the heating stage. Continuous
logging at such a high rate was not possible with the set–up used. The short burst
enabled a maximum performance of the acquisition board. A time–temperature graph
of the consolidation stage with the temperature of the steel tool at 160 ◦C is shown
in figure 4.5.

The temperature courses of four thermocouples are shown. They are denoted by
their coordinate in the thickness direction. The thermocouple at z = h is located on
top of the upmost glass weave ply, and is almost directly in contact with the rubber
tool. Unfortunately, the thermocouple that was placed on the bottom side (z = 0)
of the laminate failed during all tests. Its response is therefore not shown in figure
4.5. It appeared that the thermocouple junction made contact with the steel tool,
which results in ‘leakage’ of the electrical potential. This problem was not solved at
the time of the experiments, but should be taken into account during future work.
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Figure 4.5 shows that the cooling rates are of the order of 100◦C/s during the first
second, gradually decreasing to a rate of the order of 1◦C/s after 10 seconds. A
temperature gradient is visible through the thickness of the laminate. This gradient
is demonstrated more conveniently by displaying the temperature as a function of the
thickness coordinate. Figures 4.6 (a) to (d) show the temperature vs. the laminate
thickness for the experiments with the steel tool at 100◦C, 160◦C and 200◦C, and
with the PTFE coating at 160◦C, respectively.
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Figure 4.6: Measured through–thickness temperature distribution during rubber
pressing of a four layer glass/PPS laminate at 6 times: 0, 0.25, 0.5,
1, 2 and 4 seconds after closing of the press; steel tool temperature at (a)
100◦C, (b) 160◦C, (c) 200◦C and (d) 160◦C with PTFE coating

The temperatures measured with the thermocouples are indicated with the diamonds.
The temperatures presented here are the average of three in each series, with a
maximum standard deviation of ± 6 ◦C. A quadratic curve was fitted through
the measured temperature distribution at each time in figures 4.6 (a) to (d). The
temperature at the steel tool side (z = 0) was estimated by extrapolation of the
fitted curve to the coordinate of the failing thermocouple. The development of the
temperature distribution of the laminate pressed on the Tygaflor coated steel tool is
shown in figure 4.6. The thermocouple on the bottom of the laminate remained
operational, because the Tygaflor coating functioned as an electrical insulator.
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Figure 4.7: Picture of a panel, which was rubber pressed with flat tools

Leakage of the electrical signal was prevented. Considering the results in all four
figures, a quadratic fit appears to give a good approximation of the measured
temperature distributions.

The effect of increasing the temperature of the steel tool is visible in figures 4.6
(a) to (c) as a reduction of the cooling rate. Comparing figures 4.6 (b) and (d), the
thermally insulating effect of the Tygaflor layer is visible. Especially on the coated
steel tool side of the laminate, the cooling rate is lower than in the case of the uncoated
steel tool. The cooling on the rubber side is similar for the laminates pressed on the
coated and uncoated steel tools.

Measured curvatures

The panels were released from the mounting frame after the temperature dropped
below Tg. Considerable warpage was observed. The panels had been deformed to a
concave shape, with the hollow side directed towards the rubber tool. A picture of a
rubber pressed panel is shown in figure 4.7. The deflection of the middle relative to
the edges is 4 cm by approximation. This corresponds to a curvature of 3 m−1. The
imprints of the mounting frame are visible on the longer edges as the slightly lighter
coloured rectangles.

The panels were cut along the length to strips of 20 mm width and 300 mm length.
The curvature of the strips was measured using the coordinate scanning apparatus
that was described in section 3.4. In brief, the thickness coordinate along 100 mm
in the middle of the curved strips was measured with a non–contact NCDT laser. A
quadratic polynomial was fitted through the coordinates, after which the curvature
was derived from the second derivative of the polynomial.

It became visible that the curvature of the strips, cut from different positions across
the panel width, varied considerably. This variation was measured for four panels.
Two were pressed with the temperature of the steel tool set at 100◦C, and two with a
tool temperature of 160◦C. Figure 4.8 shows the curvature of the strips as a function
of the position in the panel.

Firstly, the curvature varies within a single panel, with relative differences of
17% maximum. Secondly, the curvatures from corresponding strips cut from equally
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Figure 4.8: Curvatures of strips, cut from different positions in the panels; two panels
(denoted by 1 and 2) were rubber pressed at 100◦C, two at 160◦C

pressed panels differ. For example, the strips cut at position 6 from the panels pressed
at 160◦C show a difference in curvature of more than 20%.

It was chosen to use the curvature of the strip in the middle of the laminate width
(position 3 or 4) as a reference, bearing in mind the observed variability. The average
curvature was calculated for each measurement series, discarding the curvature with
the largest deviation from the average. The resulting curvatures are compared in
figure 4.9.
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Figure 4.9: Averaged curvatures of strips cut from the middle of the panels

Significant differences in the averaged curvatures of the different measurement series
are observed in figure 4.9. The warpage seems to decrease with increasing temperature
of the steel tool. An increase of the tool temperature results in a slower cooling to
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the steel tool temperature gradient. From the viewpoint of cooling stresses, which are
discussed in appendix A, it can be reasoned that the residual stress profile becomes
more ‘symmetric’. This symmetric residual stress profile at the end of the pressing
cycle introduces a smaller bending moment, hence less warpage.

However, the curvature of the panels pressed on the Tygaflor coated steel tool
contradicts this reasoning. The Tygaflor coating decreased the heat transfer to the
steel tool, as was observed in figure 4.6 (d). The corresponding through–thickness
temperature profile appeared to be both symmetric and rather ‘flat’ relative to
the other measured temperature profiles. Thus, a smaller residual internal bending
moment can be expected, and consequently a smaller curvature after release. This is
certainly not the case, as the curvature of the panels pressed on the coated tool are
significantly larger than the curvatures of the other panels.

Further discussion of the experimental results requires the support of a numerical
analysis at this stage. Therefore, a 2D finite element analysis was also executed.
This analysis incorporates the prediction of the through–thickness temperature
distribution, the solidification of the melted glass/PPS laminates and the stresses
induced by the cooling gradient and accompanying distribution of the crystallisation
shrinkage.

4.2.2 Simulation of solidification stresses

The calculation of process–induced residual stresses in thermoplastic composites
generally comprises the following components: the solution of the heat balance with
the process–specific boundary conditions; a description of the solidification of the
material with crystallisation kinetics and/or on the basis of Tg; and the calculation
of stress induced by volumetric changes due to thermal and crystallisation shrinkage.

Literature survey

Chapman et al. [11] computed the inplane residual stresses in a symmetrically
cooled carbon/PEEK composite employing a one–dimensional finite difference
method. The temperature and morphology dependent thermoelastic properties of
the semi–crystalline matrix and thus of the uni–directional plies were computed with
micromechanics. A viscoelastic analysis determined the temperature that initiates
the transition from viscous to elastic material behaviour. The model was verified
with the process simulated laminate (PSL) technique (for example, see Månson and
Seferis [7]) applied to compression moulded carbon/PEEK laminates, which were
cooled at 35◦C/s on the surface. The PSL method subdivides laminates by placing
polyimide separation foils between successive sub–laminates. The curvatures of
the complete laminate and of the sub–laminates after ply–by–ply separation were
measured. The curvatures provide an indication of the residual stresses present
through the laminate thickness. The method is comparable to a layer removal
method, for example see Eijpe [17]. The residual stresses were found to have a
magnitude ranging from -40 to 30 MPa for unidirectional laminates.

Lawrence, Månson and Seferis [98] employed the PSL method to balanced and
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unbalanced cooled UD carbon/PEEK laminates. Typically, a 20–ply laminate cooled
at 35◦C/s and 22◦C/s respectively at the top and bottom showed a curvature of 1.21
m−1 in the 90◦ direction with a maximum stress of 14.7 MPa.

Recent work by Sunderland, Yu and Månson [99] reports on the development of
an FE tool to predict the evolution of stresses during the compression moulding of
glass fibre reinforced PEI. A material model that accounts for transitions from viscous
to viscoelastic to elastic behaviour was implemented. The influence of balanced and
unbalanced cooling at different rates was examined.

Hsiao and Kikuchi [18] proposed a combined analysis consisting of an FE analysis
of the flow, heat transfer and residual stress evolution during thermoforming of fabric
composites and an optimisation algorithm to optimise the process with respect to the
laminate thickness. An instantly viscous to elastic material model was used. The
crystallisation temperature was assumed as the solidification temperature.

Li et al. [100] developed a plane strain FE model for the prediction of
process–induced residual stresses in carbon/PEEK composite laminates. The matrix
was modelled as a standard linear solid (SLS). Micromechanics was applied to
compute the composite stiffnesses and shrinkage strains. The model was verified on
the curvature of [0◦] carbon/PEEK laminates, which were cooled on the surface at
35◦C/min, similar to the work by Chapman et al. [11] and Lawrence, Månson and
Seferis [98]. Also, [0◦/90◦] non–symmetric crossply laminates were cooled at different
rates, ranging from 2 to 10◦C/min. Decreasing the cooling rate led to an increase of
the curvatures, which was attributed to a higher degree of crystallinity.

Sonmez and Eyol [101] employed an optimisation algorithm to minimise the cooling
time during press forming with respect to minimum residual stress, but sufficient
crystallinity. The residual stress calculation was performed with a plane strain
viscoelastic material model. Stress induced by crystallisation shrinkage was assumed
to be negligible, based on results from the literature.

Apparently, the modelling of process–induced residual stresses due to transient
cooling of thermoplastic composites (UD carbon/PEEK specifically) is a
well–appreciated methodology. Here, an attempt is made to predict the internal
stress build–up specifically during rubber pressing with its unbalanced thermal
and mechanical boundary conditions. The model consists of the components that
were mentioned earlier: the heat transfer problem, crystallisation kinetics and the
constitutive behaviour of the solidifying composite.

Heat transfer

The heat balance was given in chapter 3, including a source of internal heat generation:

∇ · Λ · ∇T + q̇ = ρCp
∂T

∂t

The source term q̇ can represent the latent heat that is released during crystallisation.
However, it is readily neglected here. The relative volume of crystallites will be small
(less than 25%) and the heat of fusion of 100% crystalline material is an order of
magnitude smaller than the heat capacity times the temperature drop.
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The coefficients of thermal conductivity of the composite laminate are calculated
with the rules of mixture for UD laminae [2]:

k1 = Vfkf + Vmkm

k2 =
kfkm

Vfkm + Vmkm

(4.1)

where k1 and k2 are the conductivities in the fibre and transverse direction,
respectively, and f and m denote fibre and matrix. The heat capacity is calculated
by a parallel connection of the mass fractions:

Cp =
VfρfCpf + VmρmCpm

Vfρf + Vmρm
(4.2)

These rules of mixture for the thermal properties are highly simplified. More
sophisticated and semi–empirical expressions are available [102], as is the case with
the mechanical equivalent of the rules of mixture. Even the effective thermal
conductivities of woven fabric composites have been modelled. Ning and Chou [103]
utilised a geometrical weave description, which was developed earlier for mechanical
modelling, for the prediction of the thermal conductivity of different weave types.
Goo and Woo [104] obtained good agreement between a plain weave FE model and
experimental results. Here, equations (4.1) and (4.2) are considered to be sufficient
for the current modelling. The thermal properties of glass, PPS, silicone rubber and
steel are presented in table 4.1.

Property Unit E–glass PPS RTV630 steel

ρ kg/m3 2500 1350 1280 7800
Cp kJ/(kg ◦C) 0.825 1.09 1.47 0.5
k W/(m ◦C) 0.87 0.29 0.31 50

Table 4.1: Thermal properties of materials involved; glass and PPS data from [2],
RTV630 silicone rubber data from GE

Generally, the thermal conductivity of a (semi–)crystalline polymer is related to
molecular weight, molecular alignment and crystallinity, and it may depend on the
temperature. The heat capacity is a function of molecular mobility, hence it depends
on the crystallinity and the temperature [2]. Here, both the heat capacity and thermal
conductivity of the PPS matrix are assumed to be constant, as a first estimate.

Crystallisation kinetics

Crystallisation kinetics are required to predict the formation and growth of the
crystalline phase as a function of time and temperature. The isothermal overall
bulk crystallisation is analysed using the Avrami equation, see for example Chan and
Isayev [105]:

ψc =
Xc(t)
Xc∞

= 1 − e−K(T )tn

(4.3)



4.2 Warpage of rubber pressed plates 99

where ψc is the relative crystallinity, Xc(t) is the absolute crystallinity at time t
and Xc∞ is the maximum absolute crystallinity. The rate constant K(T ) and the
exponent n are normally retrieved from isothermal crystallisation tests. Extension
to a non–isothermal formulation is required for the rubber forming process. The
Nakamura differential model, which originates from 1973 [106], proves to be a useful
tool to predict non–isothermal crystallisation using Avrami constants K(T ) and n
measured under isothermal conditions as reported by Patell and Spruiell in 1991 [107].
The Nakamura equation is derived by differentiation of equation (4.3) with respect to
time and subsequent elimination of t. It reads:

dψc

dt
= nk(T )(1 − ψc)(− ln(1 − ψc))

n−1
n (4.4)

where k(T ), not to be confused with the thermal conductivity discussed earlier, is
related to K(T ) according to:

k(T ) = (K(T ))1/n = (ln(2))1/n

(
1

t1/2

)
(4.5)

The crystallisation half–time t1/2 is defined as the time at which the extent of
crystallisation is 50% at constant temperature. Patell and Spruiell applied a
non-linear regression technique to fit equation (4.4) to crystallisation data measured
at various cooling rates using the Hoffmann–Lauritzen half–time analysis [108]. The
present model makes use of a more empirical approach of the temperature dependence
of K(T ). Following Jog and Nadkarni [109] and Desio and Rebenfeld [110], ln(t1/2)
and subsequently ln(K(T )) are assumed to vary quadratically with the temperature
(in ◦C), or:

ln(K(T )) = aT 2 + bT + c (4.6)

where a, b and c are constants. Jog and Nadkarni fitted equation (4.6) to isothermally
measured crystallisation data of glass–filled PPS (Ryton). Here, the Nakamura
equation is fitted by trial–and–error on the non–isothermal crystallisation data of
pure PPS which were measured by differential scanning calorimetry (DSC) at varying
cooling rates. The results are shown in figure 4.10.

The fitted values for a, b, c and the Avrami exponent n are −7.59 ·10−3, 3.54, −421
and 2.14, respectively. The numerical results are extremely sensitive to variations in a
and n. Regarding the value of the kinetics used, they provide a crude approximation of
the development of the crystalline phase. The approach described here needs further
and critical evaluation, especially if it is employed for extrapolation to higher cooling
rates.

Constitutive model

The constitutive behaviour of the solidifying composite material was modelled as
instantly viscous to elastic (IVE). The properties of the fibres (E–glass) and the PPS
resin (Ticona Fortron) at room temperature were obtained from the literature, [111]
and [112] respectively. They are tabulated in table 4.2.
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Figure 4.10: Relative crystallinity of PPS as a function of the temperature for
different cooling rates; the continuous lines mark fitted results

Property Unit E glass PPS

E GPa 70 3.8
ν 0.23 0.37
α 10−6/◦C 5 52
βc 0 1.3 ·10−2

Table 4.2: Thermoelastic properties of E–glass and
PPS

A set of data was obtained for the IVE model, according to the rules of thumb for the
description of the matrix that were presented in table 3.5. The viscous and elastic
properties of the glass/PPS composite material are listed in table 4.3. The CTE of
the PPS was assumed to be independent of the temperature.

The IVE material model was introduced during the residual stress calculation of a
thermosetting polymer composite in chapter 2. The criterion for the conversion from
viscous to elastic material behaviour was the point at which the Deborah number
equalled one. That coincided with the point when the viscosity divided by the time
step equals the elastic shear modulus of the resin. The viscosity was obtained from
experiments and described as a function of the cure conversion and the temperature. It
was discussed that the IVE material model can replace a more complicated viscoelastic
material model in the case of a slow curing thermoset composite.

Currently, the lack of experimental data does not allow an unambiguous description
of the viscosity of the PPS polymer used here. Young and Baird [113] measured the
complex viscosity of PPS (Fortron 0320) during cooling at a rate of 2.4◦C/min. A



4.2 Warpage of rubber pressed plates 101

Property Unit Viscous Elastic

Ex, Ey GPa 18 27
Ez GPa 6 12
Gxz GPa 7.5 · 10−3 6.0
νxz – 0.85 0.37

αx, αy 10−6/◦C 5.0 13
αz 10−6/◦C 74 41

βcx, βcy – 0 0.2 · 10−2

βcz – 1.9 · 10−2 1.0 · 10−2

Table 4.3: Thermoelastic properties of 8H
glass/PPS (300 g/m2, Vf = 50%)
in the viscous and the elastic state

dramatic increase of the complex viscosity was observed at a temperature of 235◦C.
The viscosity increased from 2 · 103 to 2 · 106 within a temperature drop of 5◦C.
Unfortunately, the rapid rise of the viscosity at 235◦C is not directly linkable to the
non–isothermal crystallisation data that were presented in figure 4.10. In figure 4.10,
the crystallisation of the PPS during cooling at a rate of 2◦C/min is almost complete
at 250◦C.

Hence, the solidification point is arbitrarily chosen as the moment when the
crystallisation is half complete, or ψc = 0.5. Non–isothermal pull–out experiments
confirm the applicability of the assumption. The experiments are discussed in
appendix C. The crystallisation shrinkage of the PPS, denoted by βc, is assumed
to vary linearly with respect to the relative crystallisation for the sake of simplicity.

Simulation

The pressing of the laminates between flat tools is simulated with a 2D FE model
as a first approach. Both the tools and the laminate are meshed with linear plane
strain quadrilateral elements. The simulation starts when the press is closed. Heating,
transport and draping are not included. A schematic representation of the approach
is shown in figure 4.11.

In fact, the model is simplified to a quasi–1D problem by the assumptions that are
discussed subsequently. Heat transfer to the environment is prevented, which invokes
a uniform distribution of the temperature in the plane of the laminate and the tools.
The oil–heated steel tool is assumed to remain at its initial temperature. Therefore,
it may be well assumed that it does not deform during pressing.

Symmetry boundary conditions are imposed on the left hand side. The right hand
side in–plane displacements of the rubber tool are suppressed as the tool is enclosed
by a steel box. The steel tool is able to expand freely. Thermally, the right hand side
is restrained from heat transfer to the environment, which consequently reduces the
thermal problem to a one–dimensional case. The convection and radiation of heat
during transport from the oven to the press are neglected, hence the temperatures of
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Figure 4.11: Schematic representation of rubber press simulation, local mesh of the
laminate mesh shown in detail

the steel tool and the laminate are assumed to be uniform at the start of the cooling
cycle. When proving important in the current modelling, the heating in the infra–red
oven and the cooling during transport can be taken into account in future analyses.
Cunningham et al. [114] and Cunningham, Monaghan and Brogan [115] have put
considerable effort in modelling the heating and transport phase in press forming.
Currently, the measured temperature profile prior to pressing would suffice.

In the actual process, the rubber tool is briefly pre–heated by pressing it onto
the steel tool prior to the forming of the laminate. This step is taken into account
in the simulations, resulting in different surface temperatures of the rubber tool for
different steel tool temperatures. The top and bottom sides of the rubber and steel
tools respectively are modelled as insulated walls. The pressure is applied on the top
side of the rubber block. The in–plane displacements of the composite are controlled
by assuming stick conditions on contact with the tools.

The simulated cooling history of the composite midplane is compared to the
measurements in figure 4.12 to demonstrate the accuracy of the simulations. The
largest deviations occurred at the top and bottom of the laminate, but they remained
within 7%. These deviations are within the accuracy of the measurements, which
were presented in figure 4.6.
The residual stresses before release at the end of the pressing cycle are shown as a
function of the thickness coordinate in figure 4.13 (a). The simulations were performed
with the temperature of the steel tool set at 100◦C, 160◦C and 200◦C. The resulting
curvatures were computed separately by integration of the internal force and moment
resultant. They are compared to the measured curvatures in figure 4.13 (b).

The calculated curvatures are an order of magnitude smaller than the measured
curvatures, which is of the order of the experimental accuracy. The simulated
curvatures are concave in the 100◦C and 160◦C case, and convex in the case where
the steel tool is set to 200◦C. A sensitivity analysis of different modelling parameters
was performed, but parameter variation did not result in curvatures of the same order
as the measured curvatures.

The residual stress profiles translate to small internal moment resultants. Although
considerable ‘skin’ stresses are present, the three profiles are rather symmetric. The
symmetric shape is not surprising, considering the symmetric shape of the measured
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Figure 4.13: Results of the 2D rubber press simulations: (a) residual stress before
release, and (b) the resulting curvatures, compared to the measurements
of figure 4.9

temperature profiles (see figure 4.6).

Concluding remarks

Woven fabric glass/PPS panels were rubber pressed between flat tools at different
temperatures of the steel tool. The through–thickness temperature distribution
during pressing was recorded. The panels were cut into strips, of which the curvature
was measured.

A more or less standard approach was followed to model the warpage of the
panels. The rubber press process was simulated with the IVE material model,
taking the crystallisation half–time as the point of solidification. The modelled
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through–thickness distribution of the residual stress resulted in curvatures, which
were an order of magnitude smaller than the measured curvatures.

It can be concluded from the measurements and the simulations that thermal
gradients, which lead to gradients in crystallinity and cooling stresses, are not the
reason for the observed warpage of the panels. Another, more dominant mechanism
is present. A conceivable cause for the warpage of rubber pressed composites is posed
subsequently: transverse shear imposed by the deformation of the rubber tool.

4.2.3 Frozen–in transverse shear

Visual inspection of the pressed laminates indicated that they had been subjected to
considerable transverse shear. The transverse shear was visible as interply slipping of
subsequent layers. The top layer appeared to have slipped by some 2 mm with respect
to the bottom ply. The transverse shear deformation is demonstrated in figure 4.14.

warp

weft

resin

Figure 4.14: Transverse shear and slip visible in micrograph

It is assumed that resin rich layers are present between successive plies of woven
fabric reinforcement. The resin rich layers are viscous at temperatures above the
solidification temperature. Consequently, the laminate may respond compliantly
when subjected to transverse shear. It is conceivable that the shearing be accompanied
by stretching of the individual plies, which remain fairly stiff as the in–plane
elastic properties are dominated by the glass weave. When the resin solidifies, the
individually pre–stretched plies are ‘bonded’ together. The resulting stress is partly
relieved by warping of the laminate after release from the tools. Relating this to
the rubber forming process, two conceivable causes that induce the shear–stretch
loading are suggested: firstly, non–flatness or misalignment of the rubber tool and
secondly penetration of the laminate into the rubber tool. The mechanism is sketched
exaggeratedly in figure 4.15.

The first two steps in figure 4.15 show how misalignment or non–flatness of the
rubber tool results in flow of the rubber. The top ply will follow the rubber tool
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Figure 4.15: Transverse shear caused by non–flat rubber tool

assuming stick conditions on the interface. The bottom ply will not deform as it is
assumed to stick on the rigid steel tool. The third step in figure 4.15 demonstrates the
enclosure of the laminate by the rubber in the last instance of pressing. The laminate
‘penetrates’ the rubber tool. Subsequently, the top plies are pulled over the bottom
plies. The hypothetical shear–stretch loading due to non–flatness and penetration of
the rubber tool is confirmed with a numerical exercise.

Stress induced by rubber flow

The effect of rubber flow induced transverse shear deformation is demonstrated with
a 2D plane strain FE simulation of the rubber pressing process. The rubber tool, steel
tool and the laminate are displayed in figure 4.16 according to the dimensions of the
rubber press experiments, together with the appropriate boundary conditions. Unlike
the sketched problem of figure 4.15 the problem is considered to be symmetrical for
this simulation, hence only the right side is shown and modelled.

The composite laminate is simplified to two layers of isotropic, elastic material with
a thickness of 0.5 mm each. The elastic properties are those of ‘viscous’ glass/PPS
composite material (E = 17 GPa). The two layers are meshed separately with linear
plane strain quadrilateral elements. The elements possess three DOFs at each node:
two displacements and the temperature. Contact between the layers is described with
contact elements. The contact elements prevent penetration of contacting surfaces,
and they describe the frictional behaviour between the contacting surfaces. The
friction is modelled with a viscous slip law. The two layers are allowed to slip freely
(low viscosity) with respect to each other. This slip represents the frictional behaviour
between the fabric layers, which were assumed to be separated by a melted resin rich
layer. It is assumed that the bottom ply sticks to the steel tool. Symmetry conditions
are imposed on both layers of the laminate.

The rubber tool is also meshed with the linear quadrilaterals. The rubber material
is modelled as a low stiffness, nearly incompressible solid with a Poisson’s ratio of
0.499 and a CTE of 200·10−6◦C−1. Data on the non–linear stress–strain behaviour
of the specific RTV630 silicone rubber was not obtained. As a first approximation,
the material behaviour is assumed to be linear with a Young’s modulus estimated



106 Rapid forming of thermoplastic composites

rubber tool

laminate steel tool

x

z

880

8
0

1

360

Figure 4.16: Problem sketch of the 2D rubber pressing simulation (dimensions in mm)

from the hardness, which is 60 Shore A. Lindley [116] provided a relation between
the Shore A hardness and the modulus of elasticity for natural rubber. For that
material, a hardness of 60 Shore A corresponds to a Young’s modulus of 4.4 MPa.
Here, the simulations are performed with different rubber moduli (1 MPa to 50 MPa)
to demonstrate the effect of the rubber stiffness on the amount of stress occurring in
the composite laminate.

Volume locking is accounted for by reduced integration of the volume terms. The
element size is of the order of 10 mm in the upper left corner of the block. It decreases
to 1 mm in the region where the rubber meets both the laminate and the steel tool
upon closure of the press. Again, symmetry is imposed on the left hand side. On the
right hand side as well as on the top of the block, the displacements are suppressed in
the x–direction and coupled in the z–direction. These boundary conditions simulate
the presence of the steel casing which encloses the rubber block.

The steel tool has been drawn in figure 4.16, but it is not meshed with elements. It
is modelled as a rigid tool, of which only the upper contour is required. This contour is
designated as a contact surface. A contact algorithm, which was recently implemented
in DiekA by Kloosterman [117], is utilised for the contact description between the
rubber tool and steel tool as well as between the rubber tool and laminate. It is
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assumed that the rubber tool sticks to the laminate when contact is established. The
part of the rubber tool which contacts the steel tool is allowed to slip.

The simulation of the pressing process is performed in two steps. First, the
deformation of the rubber tool is computed, which is involved with heating from the
room temperature of 20◦C to the press temperature of 60◦C. Secondly, the deformed
rubber tool is pressed onto the steel tool with the laminate. This step is performed
isothermally. The heat transfer between laminate and tool is left out of consideration.

The result of the first step in shown in figure 4.17. The deformation of the rubber
tool is magnified by a factor 10, for convenience. The contour fill illustrates the
displacement in the vertical direction.

0 mm
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Figure 4.17: Deformed rubber tool after heating from 20◦C to 65◦C (×10)

Figure 4.17 shows that the rubber tool remains fairly flat in the region where contact
with the laminate is expected. On the right hand side, the rubber bulges out
slightly. This bulging is a consequence of the local boundary conditions. The nearly
incompressible rubber is fully restrained on the right edge and the top, therefore the
expanding material is forced into the bulge.

Subsequently, the deformed rubber tool is pressed onto the laminate and steel tool.
The results, which are not presented here, showed that the flat part of the rubber tool
first contacts the laminate. Subsequently, the rubber fills up the 1 mm thick gap on
the right hand side of the laminate. This filling requires flow of the rubber material.
The rubber is fed from the symmetry axis to the right hand side. As the rubber sticks
to the laminate upon contact, the flow from the left to the right introduces a tensile
stress in the top layer. The stress at the end of the simulation is shown in figure 4.18.
The simulation was ended when the pressure in the rubber reached 10 MPa, which
typically equals the pressure applied in manufacturing.

Figure 4.18 (a) shows the stress distributions in the top ply for the different rubber
moduli used. The top layer is subjected to a tensile stress, which is maximal at the
symmetry line (left hand side, x = 0 mm). The stress decreases towards zero at the
right hand side. The maximum stress depends on the elastic modulus of the rubber
tool, ranging from 5 MPa for a rubber modulus of 1 MPa to 100 MPa for a rubber
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Figure 4.18: Results of the press simulation, (a) distribution of the normal stress σx

along the length of the top layer of the laminate for different rubber
moduli, and (b) maximum normal stress in the top layer (at x = 0 mm)
as a function of the elastic modulus of the rubber tool

modulus of 50 MPa. In practice, the modulus of the RTV630 rubber can be expected
to lie within the range of 1 MPa to 10 MPa. The maximum stress (at position x = 0
mm) is 5 MPa to 43 MPa, respectively.

The sensitivity of the stress distribution in the top ply of the laminate to variations
in the modulus of the rubber tool is demonstrated in figure 4.18 (b). The maximum
stress is shown as a function of the elastic modulus of the rubber tool. The relation
between the maximum stress in the top layer and the rubber modulus is non–linear.
The stress is particularly sensitive to small changes in the modulus of the rubber in
the range of 1 MPa to 10 MPa. Qualification and quantification of the stress–strain
behaviour of the rubber material appears to be of essential importance for more
accurate residual stress modelling.

The simulation ends with the stress profiles of figure 4.18 (a). It can be reasoned
that when the top layer and the stress–free bottom layer of the laminate are ‘bonded’
together a bending moment is present. Subsequently, this bending moment curves
the laminate when it is released from the tools. The shape of the laminate will be as
observed in the experiments, as the tensile stress in the top ply will pull the laminate
in a concave form. Obviously, the curvature resulting from the stress profile is not
uniform over the laminate length. The curvature will be largest where the largest
stress occurs, which is near the axis of symmetry. This effect was roughly observed in
the strips cut from the pressed laminates. The curvature in those strips seemed also
to be non–uniform.

Recapitulating, a concept was introduced which involved transverse shear loading
of a composite laminate due to rubber flow during rubber pressing. A 2D finite
element simulation was performed. The melted laminate was highly simplified to two
solid layers, which were allowed to slip over each other. The rubber tool was deformed
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prior to pressing by heating up. It appeared that considerable stresses are caused in
the simplified laminate by flow of the rubber tool, depending on the rubber modulus.
These stresses seem to be dominant over the cooling stresses, which were discussed
earlier.

The question is now whether the stretch deformation due to transverse shear
is visible in the rubber pressed laminates. Therefore, an experimental method is
proposed to visualise the stretching of the top and bottom plies.

4.2.4 Visualising frozen–in transverse shear

The experimental results exhibited warping of initially flat plates of the order of 3 m−1.
A quick estimate of the accompanying strain, assuming a linear strain distribution
through the laminate thickness, is given by:

εx(z) = ε0
x + κz (4.7)

The plies are again assumed to be linearly elastic. Coupling with the other in–plane
direction of the plate is ignored. The strain in the top and bottom layer of the laminate
is estimated by substituting z = 0.5 and z = −0.5 mm in equation (4.7), respectively,
and ignoring the midplane strain ε0

x: εx(0.5) = 0.15% and εx(−0.5) = −0.15%.
A second estimate of the strain is obtained by assuming that only the top layer is
stretched and subsequently bonded onto the other three. The strain required in the
top layer εtop to induce a curvature κ = 3 m−1 is given as:

εtop =
8
9
κh (4.8)

where h is the thickness of the laminate. Filling in the values for the curvature
and the thickness of the laminate yields a strain in the top ply (before bonding)
of approximately 0.27%. Taking into account both methods, a reasonable estimate
for the strain occurring in the top ply would be 0.2%. The maximum displacement
involved with such a strain is of the order of 0.7 mm for a laminate with a length of
360 mm.

Here, a method is discussed to measure the residual strain in a rubber pressed
laminate. A high resolution flatbed scanner with an optical resolution of 2400 dpi
(HP Scanjet 3500) was utilised to compare the top and bottom plies before and after
pressing. This resolution was considered to be sufficient to capture the estimated
deformation of the plies.

Ten Cate Advanced Composites provided a dedicated weave for the strain
measurements. The SS303 8H satin glass weave was equipped with blue tracer yarns.
These tracers were woven into the glass weave in a 10 × 10 mm2 grid pattern. The
grid coincides with a tracer yarn after every twenty warp or fill yarns. Subsequently,
glass/PPS laminates were produced in the same manner as the laminates, which were
used in the rubber press experiments discussed earlier. The length of the laminates
was reduced to 300 mm, which was the maximum length that fitted in the flatbed
scanner. The mechanical influence of the tracer yarns, which amount to a volume
fraction less than 5%, was considered to be negligible.
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The top and bottom surfaces of the laminates were scanned over their full dimensions,
using the maximum optical resolution of the flatbed scanner. The resulting pictures
were saved as 8–bit gray scale bitmaps, retaining as much information as possible.
An example of a scanned section of the laminate with tracer yarns prior to rubber
pressing is shown in figure 4.19.

warp tracer

weft tracer

1
0
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10 mm

Figure 4.19: Scanned surface of glass weave reinforced PPS with tracer yarns

The laminates were subjected to the rubber press cycle with the temperature of the
steel tool set at 160◦C. The surfaces of the pressed laminates were first scanned
with the flatbed scanner, applying the same settings as prior to pressing. Then, the
laminates were cut to strips of the same width as discussed before. The curvature
of the strips was measured with the laser scanning device. First, the results of the
optical analysis are discussed, then the curvatures of the strips are presented.

Optical analysis

Glass/PPS changes from creamy coloured to a darker, brownish colour due to the
heating in the infra–red oven. The tracer yarns remained visible after rubber pressing.
It was attempted to determine the position of the tracer yarns with the image analysis
package Optimas. However, the contrast between the tracer yarns and the rest of
the material had decreased to such extent that automated image analysis became
unfeasible. It was chosen to ‘manually’ determine the position of the tracers closest
to the outer edges of the laminates. This was achieved by placing guidelines above
and below each of the two tracers using Adobe Photoshop�. The location of the
guidelines belonging to each individual tracer was averaged.

Figure 4.20 shows two strips of the scanned top surface of a glass/PPS specimen.
Both pictures are adapted to increase the contrast. The dark spots are the tracer
yarns. The strip on top is the original material, the other has been rubber pressed.
It shows that the tracer yarns are more pronounced in the original material.

The two pictures are aligned such that the tracers on the left hand side coincide.
Obviously, the tracers on the right hand side have shifted. The displacement of the
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Figure 4.20: Scanned surface of top ply, before and after rubber pressing

tracer closest to the edge was of the order of 1 mm. The strain in the top and bottom
plies of four specimens was determined with the optical procedure described. The
averages of the strains are shown in figure 4.21 (a).
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Figure 4.21: Results of the rubber press experiments with tracer yarns: (a) strains
of the top and bottom ply, measured with an optical analysis, and (b)
curvatures, compared to initial measurements (see figure 4.9)

Figure 4.21 (a) invokes two subjects for discussion. Firstly, the observation that the
strain in the top ply is larger than the strain in the bottom ply confirms the concave
shape of the rubber pressed panels. The difference is a factor 6, approximately. The
magnitude of the strain requires further elaboration; it was estimated earlier with a
linear elastic analysis that a strain of 0.2 % was sufficient to induce a curvature of 3
m−1. Here, a strain of the order of 0.35 % is measured, whereas the curvature was
measured as 1.3 m−1 (see figure 4.21 (b)). Further consideration on the measured
curvatures is given subsequently.

Secondly, both the top and bottom plies have been stretched, which translates to
the positive strains of respectively 0.35 % and 0.06 %. This is interesting: a linear
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elastic material, which shows warpage, normally has one side subjected to tension,
and one to compression. Presumably, a certain amount of tensile deformation, which
was applied when the thermoplastic matrix was in its melted state, is frozen–in upon
solidification. An experimental exercise that confirms the frozen–in deformation is
described next.

Frozen–in tensile strain
A recently developed pull–out rig [118], described in appendix C, was used to perform
tensile tests on the glass/PPS composite material at an elevated temperature. Two
layered glass/PPS specimens with a length of 400 mm, a width of 70 mm and a
thickness of 0.5 mm were clamped on the left hand side and connected to a tensile
tester on the right hand side. The part of the specimen that is located between
the heated platens was heated up to 360◦C. Subsequently, the heated platens were
opened such that the specimen was not subjected to pressure, but sufficiently heated.
Then, the tensile test started. The test was stopped when the tensile force reached
an (arbitrarily chosen) value of 1 kN, or a tensile stress of 28 MPa. The tensile
deformation was maintained, while the heated platen press was opened to allow
cooling of the specimen. The tensile force was not logged during the cooling stage.
The stress–strain curve of one tensile test (out of three) is shown in figure 4.22. The
maximum relative difference between the three curves was 5%.
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Figure 4.22: Tensile test on partly viscous glass/PPS woven fabric composite

The curve in figure 4.22 is non–linear at small strains. It becomes more or less linear
for strains larger than 0.15%. The modulus of elasticity in the linear part of the curve
is approximately 4 GPa. This value is rather small compared to the elastic modulus



4.2 Warpage of rubber pressed plates 113

of glass/PPS at room temperature, which is 25 GPa.
The length of the specimens was measured at room temperature after the tensile

tests. The length increased by 0.8 mm on average, with a standard deviation of 0.1
mm. The residual deformation is only present in the part that was melted during the
tensile test. The length of the heated part was 200 mm, hence the residual strain is
computed as 0.8/200 = 0.4%.

Murtagh and Mallon [2] experimentally determined the elongation of 5H satin and
plain weave carbon/PEI (CETEX, Ten Cate Advanced Composites) at an elevated
temperature (320 ◦C). The stress–strain curve was measured to be exponential. The
material appeared to show ‘strain–hardening’ behaviour. The first 3% and 5% strain
was applied almost stress free for respectively the satin weave and the plain weave.
This strain was defined as the fibre straightening factor (FSF). According to Murtagh
and Mallon the FSF indicates the amount of undulation, or crimp, that is straightened
before actual stress is induced. The theoretical FSF can also be determined for the
current 8H satin glass weave. Here, it is calculated using the shape functions which
describe the undulation of the yarns, see figure 2.5, equation (2.30) and figure 2.7 of
section 2.3.1. The undulating yarn will become straight during the assumed stress–free
stretching of the fabric. Hence, the FSF relates to the arc length of the undulated
yarn. This length lF is determined according to:

lF =

a∫
0

√
(F ′

u(x))2 + 1 dx (4.9)

and the FSF of the 8H satin weave is calculated as:

FSF =
lF − a

4a
(4.10)

where a is the original length of the cell. The geometrical parameters were determined
from the yarn count, the areal density and microscopy [10] as ht = 116 µm,
a = 227 µm, a0 = 82 µm and au = 123 µm. The FSF is computed as 0.4% based on
these parameters. The stress–free fibre straightening is not observable in figure 4.22,
except for a slight increase of the stiffness at 0.1%.

It is concluded that the stress–strain behaviour of woven fabric composites
above the melting temperature is an important factor in composites forming.
The stress–strain relationship was simplified considerably in the residual stress
computations performed so far in this thesis. The analysis conducted in this section
shows that a good description of the constitutive behaviour of viscous woven fabric
composites is crucial, since a dominant amount of stress seems to be induced when
the composite material is in its melted state.

The tensile test described here concerned a uniaxial test. Woven fabrics are biaxial.
The woven structure implies that a change of the undulation in one direction affects
the mechanical behaviour in the other direction. Boisse, Zouari and Gasser [119]
performed biaxial tensile tests on dry 2 × 2 twill carbon fabric. The non–linearity of
the stress–strain curves was investigated as a function of the ratio between the strains
applied in the warp and weft directions. The biaxial tensile tests were confirmed with
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FE computations of the unit woven cell. The resulting ‘tension surfaces’ are presented
as useful tools in future composite forming simulations. Hence, performing biaxial
tensile tests on the 8H woven fabric glass and glass/PPS composite are recommended
for future research.

Curvatures

The curvatures of the rubber pressed strips, which were equipped with tracer yarns,
were presented in figure 4.21 (b). They were compared to measurements, which
were performed for the analysis of cooling stresses, see section 4.2.1. A considerable
difference is observed. Originally, the curvatures were measured of the order of 3
m−1, yet the curvatures of the tracer–equipped panels as 1.3 m−1. The research that
followed the observation of the difference yielded most interesting results.

Effect of the rubber tool
A time span of two years was present between the two discussed rubber press
experiments. It was suspected that the rubber tool had aged as a consequence of
usage and time. It was known from practice that the rubber tools suffer from some
volumetric shrinkage, which is attributed to physical aging. The change of the rubber
tool geometry might be reflected in a different shape when the tool is placed in the
press and heated up prior to pressing. Another consequence of aging is an increase of
the hardness, which might influence the contact behaviour between the rubber tool
and the composite material.

A new rubber tool was cast to perform a third series of press experiments. The tool
was produced similar to the ‘old’ tool. Glass/PPS panels were pressed onto the same
steel tool as before with its temperature set at 160◦C. Most strikingly, the panels
remained flat after being rubber pressed.

The ‘new’ rubber tool preserved a flat surface after heating up from room
temperature to the pressing temperature of 65◦C. On the other hand, the old rubber
tool adapted a convex shape when heated up. Pressing a straight bar against the old
rubber tool revealed a bulge with a height of the order of 5 mm, see the sketch in
figure 4.23.

± 5 mm

Figure 4.23: Sketch of the observed bulging shape of the old rubber tool at 65◦C

The observed bulging shape of the old rubber tool does not agree with the simulated
shape of figure 4.17. The larger part of the rubber tool remains flat in the simulation.
Only the right hand side is slightly curved. However, it is recognised that the stick
conditions on that side are rather strict. Slip conditions would result in a completely
flat lower surface of the tool.
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The new rubber tool showed behaviour that corresponds better to the simulated
thermal deformation. The cause for the excessive bulging of the old rubber tool has
not been investigated. Performing rubber press experiments with multiple rubber
tools is required to obtain a more conclusive judgement on the matter.

Influence of the mounting frame
Repeating the press experiments with a new rubber tool revealed a difference with
the old tool. Yet, the decrease of the warpage of the pressed panels was not explained.
Further investigation revealed that the experiments had not been conducted exactly
similar to the earlier series.

The frame, on which the laminates had been mounted, had been discarded after the
first pressing series. A new mounting frame was prepared prior to the second series.
The mounting frame was customised from a pre–cut steel sheet of 1 mm thickness. It
appeared to differ from the original frame, as is sketched in figure 4.24.

old new

laminate

free space finger

Figure 4.24: The old and new configurations of the mounting frame

Figure 4.24 shows the mounting frames in the old and new configuration. The
difference is the presence of the steel strips, or ‘fingers’, on the top and bottom
sides of the new frame. These fingers were removed from the old frame. The warpage
of the laminates increased considerably as soon as the fingers were also cut from the
new frame. The explanation of this phenomenon follows the argumentation of rubber
flow induced stress.

The rubber tool is pressed onto the laminate, which is fixed on the mounting frame.
Consequently, a large part of the mounting frame is also pressed into the rubber tool
as was demonstrated in figure 4.4. Both the laminate and the mounting frame are
approximately 1 mm thick. The space between the laminate and the mounting frame
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is filled up with rubber when the press is closed. The removal of the mounting fingers
on the shorter sides of the laminate results in more free space. Hence, more rubber
is forced to flow sideways, resulting in an increased shear loading of the composite
laminate.

Influence of the PTFE coating
The original rubber press experiments contained a series with a ply of glass fabric
reinforced PTFE (Tygaflor), which was fixed upon the steel tool. The goal was to
reduce the heat transfer to the steel tool, levelling off the cooling profile. The warpage
of the panels increased considerably with respect to the other series, as was shown in
figure 4.9.

The increase in the warpage caused by the presence of the Tygaflor ply may have
the same cause as the influence of the mounting frame. The Tygaflor ply was cut
somewhat larger than the composite panels, but smaller than the rubber tool. The
Tygaflor ply adds 0.25 mm to the amount of material that penetrates the rubber tool.
More rubber is forced elsewhere, which induces flow and subsequent transverse shear
loading of the laminate.

4.3 Spring–forward of rubber pressed profiles

The spring–forward of shallowly curved composite strips was discussed in chapter
2. The ratio of the radius to the thickness (R/t) was approximately 20. The strips
were rubber pressed, and subsequently their dimensional change was measured as
a function of the temperature. The measured dimensional change agreed well with
linear thermoelastic theory.

Here, the thermally induced spring–forward of rubber pressed composite laminates
will again be measured and discussed. However, the experimental set–up and the
specimens used are different [120]. The current specimens are relatively thin with a
small corner radius. The R/t ratio is 4, which is a factor 5 smaller than the R/t ratio
of the shallowly curved strips.

4.3.1 Specimens

The specimens for the spring–forward experiments were provided by Stork Fokker
AESP. Preconsolidated 8H satin weave reinforced PPS laminates (Vf = 50%) were
formed into ‘Z–profiles’ with the rubber press process, see figure 4.25 (a). The
process settings (pressure, temperature) equalled the settings applied for the pressing
of the flat laminates. The laminates were obtained from Ten Cate Advanced
Composites. The lay–up was quasi–isotropic [45◦/0◦/0◦/45◦], where the angles denote
the orientation of the warp yarn relative to the 0◦–axis shown in figure 4.25 (b).
The geometry of the profiles was chosen to incorporate the effect of both ‘positively’
and ‘negatively’ pressed angles, respectively on a female and male parts of the steel
tool. The positively and negatively pressed angles are indicated with (+) and (-),
respectively, in figure 4.25 (a).
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Figure 4.25: Z–profile for spring–forward measurements: (a) tools and pressed
laminate; (b) pressed laminate with main dimensions in mm (gray
indicates the area from which specimens were cut)

Eight specimens of 50 mm width were cut from each of three profiles. Four out of
each set were designated for the measurement of the spring–forward of the positively
pressed angle, and four for the negatively pressed angle.

4.3.2 Measuring spring–forward with a laser reflector

The spring–forward measurements, which were discussed in chapter 2, were conducted
in a heated glycerine bath. A micrometer was employed to record the change of the
dimensions of the shallowly curved specimens. A different type of set–up is now
presented for the determination of the spring–forward of the corner sections of the
Z–profiles.

Experimental set–up

The experimental rig was based on a laser reflection technique, proposed by Radford
in the late eighties [121] and optimised in 1996 [122]. A schematic picture of the
set–up is shown in figure 4.26.

The experimental set–up consists of a temperature controlled chamber
(Gallenkamp Duostat Incubator) with a glass door, a diode laser and a position
sensing optical detector, or PSD (SL15, UDT Instruments). A Z–shaped specimen
is mounted in the heated chamber. The specimen is equipped with a small mirror,
which is screwed onto the flange, see the detail in figure 4.26. The beam, sent from
the laser diode, reflects in the mirror. The reflected beam is sensed by the PSD. The
PSD is connected to a bridge amplifier. A change in voltage is recorded when the
position of the laser spot on the PSD changes. This position depends on the angle
between the mirror and the laser beam. That angle changes due to spring–forward
or spring–back, which occurs when the specimen is cooled or heated, respectively.
The relation between the change of the enclosed angle of the Z–shaped specimen and
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Figure 4.26: Laser–reflector technique for spring–forward measurements; the
mounting of the mirror on the specimen has been drawn in detail

the position of the laser beam on the PSD is derived with basic trigonometrics. A
sketch is shown in figure 4.27.
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Figure 4.27: Displacement ∆u recorded with the PSD sensor, induced by an angular
change ∆φ of the mirror

The beam emitted by the laser is reflected towards the PSD. Initially, the reflected
beam is oriented at an angle θ with respect to the PSD. The reflected beam rotates
with an angle 2∆φ when the mirror rotates with an angle ∆φ. The length of the
reflected beam changes from l0 to l1. The position where the beam strikes the PSD
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moves with a distance ∆u. The sine rule now yields:

sin(θ)
l1

=
sin(2∆φ)

∆u
(4.11)

Linearising equation (4.11) for small angle changes ∆φ leads to

∆φ ≈ sin(θ)
2l0

∆u (4.12)

which demonstrates a linear relation between the change of position on the PSD and
the (small) rotation of the mirror, which is attached to the flange of the spring–forward
specimen.

Results

The temperature homogeneity over the specimen dimensions was checked prior
to the spring–forward measurements. Eight thermocouples were distributed on a
Z–shaped specimen. Subsequently, the temperature chamber was heated to 100◦C.
The temperatures recorded with the thermocouples showed a maximum deviation of
0.3◦C at 100◦C.

The laser and PSD detection unit were calibrated using a mirror mounted on a
revolving table with an accuracy of 1’. The influence of refraction caused by the
glass door of the incubator was found to be negligible. First, the reproducibility of
the spring–forward measurement was tested, both for the positively and negatively
pressed angles of the Z–shaped specimens. The same sample was repeatedly subjected
to the same measuring cycle. The spring–forward cycle started by mounting the
specimens such that the position of the reflected beam on the PSD was always equal.
Then, the temperature of the oven was increased to 100◦C, kept constant for a short
time and decreased to room temperature. This heating and cooling was repeated
two times more without touching the set–up. It showed that the first heating–cooling
cycle yielded a response that differed from the second and third cycles. This difference
was attributed to ‘settling’ of the specimen and the mounting. The second and third
cycles showed good agreement, which was slightly better in cooling. The results
of the second cooling step are henceforth used for further analysis. The averaged
relative spring–forward (per ◦C) was calculated as 7.24 · 10−5 ± 3.23 · 10−6◦C−1 in
the case of the positively pressed corners and as 1.26 · 10−5 ± 2.76 · 10−6◦C−1 for the
negatively pressed corners. The standard deviation was approximately 4.5% and 22%
of the average, respectively. Although the absolute error was similar for both series,
the relative error of the positively pressed corners was considerably smaller than the
relative error of the negatively pressed corners.

As mentioned earlier, three rubber pressed Z–shaped profiles were cut into 50 mm
wide samples. The relative spring–forward per ◦C is presented in figure 4.28. The
results of the specimens cut from the second and third profiles agree, so their average
is shown in figure 4.28 (a). The first profile appeared to respond differently from the
other two, hence the spring–forward of its specimens is presented separately in figure
4.28 (b). The measured spring–forward of these specimens are considered to be ‘odd’,
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Figure 4.28: Relative spring–forward ∆φ/φ (per ◦C) of specimens cut from the
Z–shaped profiles: (a) average of two profiles, and (b) odd result

although the amount of Z–shaped profiles that were subjected to the measurements
is limited. Obviously, more specimens from other profiles are required to arrive at a
more conclusive judgement about the observed oddness.

In figure 4.28 (a), it appears that the thermally induced relative spring–forward
of the positively pressed corner is considerably larger than the spring–forward of the
negatively pressed corner. The difference is a factor 10. Remarkably, figure 4.28 (a)
shows that the thermally induced spring–forward of both the positively and negatively
pressed corners disagree with the linear thermoelastic prediction, discussed in chapter
2. In theory, a glass/PPS corner section would exhibit a thermally induced relative
spring–forward of 2.75 ·10−5◦C−1, assuming homogeneous material properties (αr =
40 ·10−6◦C−1, αθ = 13 ·10−6◦C−1). This value is less than half of the spring–forward
of the positively pressed corner, and more than three times the spring–forward of the
negatively pressed corner.

The specimens of the odd profile show the opposite behaviour, see figure 4.28 (b).
The spring–forward of the positively and negatively pressed corners are relatively
small and large, respectively, when compared to the theoretical prediction.

A conceivable cause for the difference between positively and negatively pressed
corners and linear thermoelasticity may be that the properties of the composite
material are not homogeneously distributed through the laminate thickness. The
subject is discussed in section 4.3.4.
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4.3.3 Total spring–forward of rubber pressed corners

The total spring–forward of the specimens cut from the Z–profiles was measured
by comparing their geometry after rubber pressing with the tool geometry, using a
technique which was recently reported by Albert and Fernlund [6]. The geometry
of the specimens was captured with a flatbed scanner (HP Scanjet 3500C).
The specimens were embedded in silly putty to eliminate shadowing effects and
subsequently scanned. An example of a scanned specimen is shown in figure 4.29 (a).
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Figure 4.29: Total spring–forward of rubber pressed Z–shaped specimens: (a)
specimen embedded in silly putty, (b) measured enclosed angle

An image analysis package (Optimas) was applied to determine the enclosed angle
of the corner sections. Two lines were drawn parallel to the body and flange of the
specimen, respectively. A program was written, which computes the angle between
the two lines. The accuracy was hence limited to the precision with which the lines
were placed. The resulting enclosed angles are presented in figure 4.29 (b). The
corners of the specimens, which were cut from the odd Z–profile, were omitted.

The enclosed angle was measured as 90.6 ± 0.57◦ and 90.0 ± 0.57◦ for the
positively and negatively pressed corners, respectively. The scatter appeared to be
rather large, leading to standard deviations of the order of 0.5◦. A net spring–back
was observed comparing the measured angles with the angles of the steel tool,
which were precision machined to 90◦. The observed spring–back contradicts
with the theoretically expected spring–forward. For example, consider the linear
thermoelastic spring–forward prediction of the current glass/PPS corners. Assuming
as a first approximation that the laminate becomes elastic as soon as the PPS matrix
crystallises, say at a temperature of 240◦C, and assuming homogeneous properties
(Vf=50%), the spring–forward is calculated as (240 − 20) × 90 × 2.75 · 10−5 = 0.54◦.
The enclosed angle would become 90◦- 0.54◦ = 89.46◦. This value lies within the
precision of the measurement of the enclosed angle of the negatively pressed corner.
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The measured and predicted enclosed angles are listed in table 4.4. An unambiguous
conclusion is henceforth difficult to draw. A more significant difference between
measurement and prediction is observed in the case of the positively pressed corners.

measured analytical prediction extrapolation

positive corner 90.6◦ 89.5◦ 88.5◦

negative corner 90.0◦ 89.5◦ 89.9◦

Table 4.4: Enclosed angle of Z–shaped profiles: measured, predicted
(linear thermoelasticity, Vf = 50%) and extrapolated from
measured spring–forward per ◦C

The thermally induced relative spring–forward of the positively and negatively pressed
corners was measured as 7.6 · 10−5 ◦C−1 and 7.6 · 10−6◦C−1, respectively (see figure
4.28 (a)). This spring–forward, which was measured in the range from 20 to 90◦C,
is extrapolated to the solidification temperature of 240◦C as a first crude approach.
The extrapolated spring–forward is calculated as (240 − 20) × 90 × 7.6 · 10−5 = 1.5◦

and (240 − 20) × 90 × 7.6 · 10−6 = 0.15◦ for the positively and negatively pressed
corner, respectively. The resulting enclosed angles would become 88.5◦ and 89.9◦.

The contradiction between expected and measured spring–forward is most
pronounced for the positively pressed corner. The corner shows an increase of the
enclosed angle with respect to the tool (spring–back). Extrapolation of the measured
thermally induced spring–forward results in a decrease of the enclosed angle (88.5◦)
that is larger than determined with linear thermoelasticity (89.5◦). The angle was
measured to be 90.6◦, though. Evidently, stresses evolve from other sources, which
are elaborated subsequently.

4.3.4 Discussion

It appeared that both the thermally induced and the total spring–forward of the
specimens used disagreed with the basic linear thermoelastic theory. The possible
causes are discussed below. They are split up into (a) solidification stresses, (b)
transverse shear deformation, and (c) through–thickness distribution of properties.

Solidification stresses

The origin of solidification stresses was introduced in section 4.2. It was shown that
their contribution to the warping of 4–layered glass weave reinforced PPS panels
was negligible. Measurements of the through–thickness temperature profile during
pressing yielded a fairly symmetric temperature distribution. As a consequence, no
warpage–inducing moments occur that are related to the thermal and crystallisation
stresses.

The through–thickness temperature distribution was not measured in the case of
the Z–shaped profiles. Yet, it may be well assumed that their through–thickness
temperature distribution is similar to the distribution, which was measured during
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the pressing of the flat panels. Therefore, a similar residual stress profile can be
expected. Without further modelling, it is assumed here that the effect of cooling
stresses on the spring–forward of the corner sections of the Z–shaped specimens can
be neglected.

Transverse shear deformation

The concept of residual stresses caused by stretching of individual layers of the
laminate was discussed in section 4.2.3 following the simulation of cooling stresses
in rubber pressed flat panels. It was demonstrated that flow of the rubber tool was a
feasible mechanism for the introduction of warpage–inducing stress.

The same mechanism may occur during the pressing of the Z–shaped profiles.
Observe the geometries of both steel tool and rubber tool, which were depicted in
figure 4.25 (a). It is well imaginable that the rubber tool does not contact the laminate,
which is draped onto the steel tool, equally at the same time. Also, the two tool
geometries do not match exactly, which involves the filling of free spaces when the
press is closed. The eventual transfer of the rubber deformation to the laminate
can affect the spring–forward of corner sections in two different ways - directly and
indirectly.

Directly, the frozen–in deformation of individual layers results in a bending
moment, which may increase or decrease the total spring–forward. This bending
moment is more or less irreversible and independent of the temperature; it was
assumed that the individually deformed layers were ‘bonded’ together when cooled
through the solidification temperature Ts. The laminate was assumed to behave
elastically below Ts. The direct consequence of the frozen–in stress is only visible in
the total spring–forward of the corner sections.

Indirectly, it is conceivable that deformation leads to a rearrangement of the
microstructure of the fabric layers. For example, the undulated bundles might be
straightened when a layer is stretched. The local fibre volume fraction can be
affected when resin is squeezed out of the bundles and/or layers. An inhomogeneous
through–thickness distribution of the fibre volume fraction involves an accompanying
distribution of the thermoelastic properties. Inhomogeneous thermoelastic properties
lead to additional residual stresses when the material is cooled. The effect of
inhomogeneous properties is apparent in the thermally induced spring–forward,
and thus in the total spring–forward of the corner sections. The sensitivity of
spring–forward to an inhomogeneous distribution of thermoelastic properties is
discussed in more detail in the following section.

First, the stress caused directly by forming is elaborated. The discussion is split
into two parts: drape–induced stress and press–induced stress.

Drape–induced stress
The laminate is rapidly transported from the oven, where it has been melted, to the
press. The viscous laminate was fixed onto the mounting frame with spring clamps
at room temperature. In its melted state, the laminate shows a little sagging. The
laminate is draped onto the steel tool, immediately followed by the rubber tool. The
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Figure 4.30: Mechanism of drape–induced tensile stress in positively pressed corner

moment when the laminate touches the steel tool on two edges is sketched in the left
hand drawing of figure 4.30.

It is assumed that the laminate has been pulled from the spring clamps at this
stage. The laminate is supposedly folded around the rim on the left hand side, which is
exaggerated in figure 4.30. It is sketched so that the bottom ply sticks to the relatively
cold steel tool upon contact. The rubber tool is subsequently moved downwards, as
sketched in the second drawing in figure 4.30. The laminate is pulled inwards, which
induces a traction on the bottom ply. The bottom ply is subjected to tension whilst
the top ply remains relatively free of stress, assuming that the interply friction is
lower than the friction of the tool–laminate interface.

The discussion is limited to the current description of a possible mechanism. A
numerical drape analysis is recommended for future validation of the mechanism. The
analysis requires elements with low bending stiffness and normal in–plane stiffness,
for example elements with a reinforced viscous material model. A multi–layer drape
simulation can either be performed by stacking layers of elements and using an interply
contact description [123], or by applying a multi–layer drape element. The latter was
recently formulated by Lamers [10], but it requires an extension to incorporate a two
sided tool contact description.

From an experimental viewpoint, the analysis of drape–induced stresses can be
performed with a better defined process and specimen geometry, e.g. matched die
moulding of V–shaped specimens. Morris and Sun [124] applied matched die moulding
with V–shaped tools to analyse the forming loads for UD AS4/PEEK composite
laminates. The experimental results validated a model based on Mindlin plate theory,
which takes into account interply slip. The residual stresses and shape distortions of
the V–shaped specimens were not reported.

The matched die moulding of woven fabric glass/PPS laminates has not been
reported yet in the literature to the knowledge of the author. Matched die moulding
of V–shaped glass/PPS products is recommended as a future experimental program.
The moulding experiments can be performed with a male and female lower tool, which
may yield different results as the drape characteristics are distinct.
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Press–induced stress
Press–induced stresses are defined here as the stresses which are induced by the
interaction between the tools and laminate after the draping of the laminate. Pressing
is here defined to start when the rubber tool has approached the laminate within the
thickness of the laminate. The current rubber pressing simulation is a simplified
representation of the actual process. It serves as a first, qualitative indication of
the stresses that are induced by rubber flow. The simulation resembles the earlier
model that was applied for the calculation of the stresses occurring in the flat panels
(section 4.2.3). Here, the configuration of figure 4.25 (a) is meshed. The laminate is
represented with two elastic layers. The ‘laminate’ is already placed on the steel tool.
The mesh is shown in figure 4.31.

rigid contour
two layered laminate

Figure 4.31: Simulation of the rubber press forming of a two layered laminate with
Z–shaped tools

The boundary conditions are defined such that the rubber tool is enclosed on three
sides. The steel tool is modelled as a rigid contour. The two plies of the laminate are
separated by contact elements. Contact between the two tools and between the tools
and the laminate is described with the contact algorithm as addressed earlier. The
simulation is performed by moving the rubber tool downwards until a pressure of 10
MPa is reached in the rubber tool. The simulation is performed with two values for
the elastic modulus of the rubber tool: 5 MPa and 10 MPa. The in–plane strain εs,
which is present in the top ply of the laminate at the end of the simulation, is plotted
against the in–plane coordinate s in figure 4.32 (a) for both rubber moduli.

Strain peaks are present in both corners, which are attributed to the local spatial
discretisation in combination with the locally complex loading of the laminate. Mesh
refinement is recommended for future simulations. On average, the top layer is
subjected to compressive strain in the positively pressed corner, and to tensile strain
in the negatively pressed corner. The magnitude of the strain depends on the modulus
of the rubber tool. The strain calculated with a rubber modulus of 10 MPa is
approximately a factor 2 larger than the strain simulated with a rubber modulus
of 5 MPa. A similar sensitivity was observed with the rubber press simulations of flat
plates, see figure 4.18 (a).

Figure 4.32 shows the Z–shaped profile with a qualitative indication of the stress



126 Rapid forming of thermoplastic composites

-
- -

+ +
+

�

st
ra

in
ε s

(-
)

coordinate s (mm)

10 MPa
5 MPa

(a) (b)

-0.01

-0.02

0.01

0.02

0.03

0.04

0
0

30 60 90 120 150 180

Figure 4.32: Z–shaped two layered laminate: (a) strain along coordinate s prior to
release, calculated with two different elastic moduli of the rubber tool,
and (b) qualitative indication of stress distribution before release from
the tools and the resulting moments

distribution in the top ply prior to release and the moments that occur when the
laminate is released from the tools. The stresses are indicated by (+) and (−),
respectively. The magnitude of the tensile and compressive stresses depends on the
Young’s modulus of the plies. The current simulation was performed with a Young’s
modulus of 4 GPa, which is based on the result of the tensile test described in section
4.2.4.

The stress in the top ply will cause a bending moment when the two plies are
bonded together during solidification. The moment is directed outwards at both
corners, resulting in spring–back when the laminate is released from the tools. This
step is currently not modelled. The model provides a first indication of the stresses
present after rubber pressing.

Recapitulating, the transverse shearing of a laminate, which is rubber pressed into a
Z–shape, has been analysed qualitatively. First, the origin of drape–induced stress
was discussed by the introduction of a conceivable mechanism. Secondly, the existence
of press–induced stress was substantiated with an FE simulation, which is presented
as a first indication only. It is recognised that accurate modelling requires more
precise material characterisation of both the laminate and the rubber tool. Both
of the two analyses confirm the experimentally observed spring–back or absence of
spring–forward. It is recommended that future simulations capture the two steps –
draping and pressing – in a single model.
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Non–homogenous distribution of composite properties

From the viewpoint of linear thermolelasticity the thermally induced spring–forward
of corner sections depends on the thermal properties of the composite material. These
properties depend on the local fibre content. Resin migration can occur during the
forming of corner sections, depending on the configuration of the tools. E.g., Wiersma,
Peeters and Akkerman [22] discussed the effect of moulding carbon/epoxy laminates
on male and female tools. Here, the effect of resin migration is discussed in two parts.
First, the effect of a change of the overall fibre volume fraction in the rubber pressed
Z–profiles is addressed. Subsequently, the influence of a linear distribution of the fibre
volume fraction is analysed.

Change of overall fibre volume fraction
Specimens were cut from the corner sections and from the straight flange of a Z–shaped
specimen. The samples were prepared for analysis with a scanning electron microscope
(SEM). The preparation involved embedding in epoxy, polishing and depositing a gold
coating by sputtering. The SEM micrographs of the samples were stitched together
with Adobe Photoshop�. The resulting pictures of the pieces from the flange and
from the corner sections are shown in figures 4.33, 4.34 and 4.35.

0◦
0◦

45◦

45◦

1 mm

Figure 4.33: SEM micrograph of a piece cut from the flange of the woven fabric
glass/PPS Z–shaped profile; lay-up [45◦/0◦/0◦/45◦] with respect to main
axes of Z–shape, see figure 4.25 (b)

The individual layers are indicated with the angle of orientation of the warp yarn with
respect to the global axes of the Z–profile as indicated in figure 4.25 (b). The image
analysis package Optimas was utilised to calculate the local fibre volume fraction by
counting the fractions of white and black pixels. The 0◦ and the 90◦ bundles were
cut in the fibre direction. Their cross–sections complicate the determination of the
fibre volume fraction, hence they were not taken into account. As a result, only the
top and bottom layers were analysed.

The overall fibre volume fraction of the corner sections appeared to be larger than
of the piece that was cut from the flat flange, see figure 4.36 (a). The fibre volume
fraction of the positively and the negatively pressed corner were measured as 56%
and 53%, respectively. The fibre volume fraction of the flat specimen was determined
as 48%. The increase of the overall fibre volume fraction in the corners is attributed
to resin migration. Excess resin was not observed on the laminate surface, hence it
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Figure 4.34: SEM micrograph of a positively pressed corner section from the woven
fabric glass/PPS Z–profile
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Figure 4.35: SEM micrograph of a negatively pressed corner section from the woven
fabric glass/PPS Z–profile

is assumed that resin was not squeezed–out from the laminate. Apparently, resin
is transferred from the corner section to the adjoining flanges. The regions directly
adjoining to the corner sections were not analysed here.

The thermally induced spring–forward is shown as a function of the fibre volume
fraction Vf in figure 4.36 (b) ranging from 40% to 60%. The properties of the 8H
satin woven fabric glass/PPS were calculated with the woven fabric micromechanics.
Subsequently, the thermally induced spring–forward was computed with linear
thermoelasticity. Figure 4.36 (b) shows that the thermally induced spring–forward
decreases with increasing fibre content. The calculated spring–forward is compared
to the measurements of figure 4.28 in table 4.5.
The results in table 4.5 clearly demonstrate that the increase of the overall fibre
volume fraction is not the cause for the discrepancy between the measured thermally
induced spring–forward and its linear thermoelastic prediction, which was performed
with Vf = 50% initially, see figure 4.28.

Distribution of the fibre volume fraction
The effect of a non–homogeneous distribution of composite properties was briefly
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Figure 4.36: Overall fibre volume fraction Vf : (a) measured in flat and corner sections
of Z–profile, (b) calculated effect on thermally induced spring–forward

measured (10−5/◦C) predicted (10−5/◦C)

positive corner (Vf=56%) 7.6 2.45
negative corner (Vf=53%) 0.76 2.59

Table 4.5: Thermally induced relative spring–forward (∆φ/φ)
calculated on the basis of the measured Vf compared to
measurements (figure 4.28)

discussed in chapter 2, section 2.5. There, the spring–forward of an arc section was
calculated. The arc section consisted of two plies with different fibre volume fractions
(Vf ). It was established that the resulting non–homogeneous distribution of the elastic
and thermal properties resulted in an additional bending moment. This bending
moment increases or decreases the spring–forward, depending on the distribution of
Vf .

In the current analysis, a linear distribution of the fibre volume fraction will
be assumed. The fibre volume fraction is assumed to be homogeneous within the
individual plies. The distribution is described by:

Vf (z) = V 0
f + kV z (4.13)

where V 0
f is the averaged fibre volume fraction (50% for convenience) and kV

represents the gradient of the distribution. Subsequently, the thermoelastic properties
of each ply in the woven fabric composite material are calculated with the woven
fabric micromechanics discussed in chapter 2. These thermoelastic properties are
then substituted into the appropriate spring–forward model (either 2.5D or 3D; both
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Figure 4.37: Relative spring–forward as a function of a linearly distributed fibre
volume fraction

yield equal results, see chapter 2). The calculated relative spring–forward is shown in
figure 4.37 as a function of the distribution of Vf .
For convenience: a value of kV of 0.16 mm−1 corresponds to a Vf of 56%, 52%, 48%,
44% in the subsequent plies from top to bottom. The graph in figure 4.37 reveals
a linear relation between spring–forward and the Vf distribution in the calculated
range.

The measured thermally induced relative spring–forward of both positively and
negatively pressed corners, which was presented in figure 4.28 (a), is also indicated in
figure 4.37. If the measured spring–forward were to be attributed to a distribution of
Vf , the corresponding values of kV would be 0.27 and -0.1 mm−1 for the positively
and negatively pressed angles, respectively. These values match a Vf distribution of,
respectively, 60%, 53%, 47%, 40% and 46%, 49%, 51%, 54% from top to bottom.

In theory, a considerably difference in the fibre volume fraction must be present
in the subsequent plies to account for the measured thermally induced relative
spring–forward. However, no significant difference was observed in the fibre volume
fractions of the top and bottom layers of the analysed corner sections, despite of the
increase of the overall Vf . Firstly, it is realised that the analysis of a single specimen
is precarious, especially in the case of the determination of the fibre volume content
and distribution. It is not ruled out that currently parts in the cross sections are
recognised as resin pockets, whereas cutting a fraction ‘deeper’ might result in a
different picture.

Secondly, it is recognised that the quasi–isotropic lay–up of the current laminates
complicates the image analysis of the specimens. Most likely, better performance
would be achieved if crossply laminates were used, and subsequently pressed at an
angle of 45◦ with respect to the tangential direction of the corner. The resulting
cross–sections only show bundles cut at a 45◦ angle, and none cut in the fibre direction.
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The micrographs display the non–homogeneity of the composite material on the
scale of the cut specimens. The corner section, of which only half is shown in the
micrographs, has a midplane arc length of 1/2π × 3.5 mm = 5.5 mm. The repetitive
unit cell of the used 8H satin weave is approximately 3.5 mm wide. The repetitive unit
cell is the smallest part of the weave that represents the thermoelastic behaviour of the
weave on the macroscale. It is just present in the arc section of the pressed corners.
It is therefore questionable whether the woven fabric micromechanics are justified for
the prediction of the CTEs of the composite material. A fabric reinforcement with a
smaller repetitive unit and a larger yarn count is recommended for future experiments,
e.g. a ‘fine–woven’ plain weave.

The linear thermoelastic prediction of spring–forward is founded on homogeneous
thermoelastic properties within a single ply. The application of the linear
thermoelastic theory as done in the analyses until now becomes doubtful
in consideration of the observed non–homogeneity. Detailed FE simulations
are recommended in combination with an extensive microscopic study of the
microstructure of the woven fabric.

4.4 Efficient simulation methodology

Residual stress computations in composite material forming include several aspects
that must be taken into account. Based on the discussions in the preceding chapters,
the following aspects can be distinguished:

1. The constitutive behaviour of a solidifying fabric composite material. It includes
the conversion of the matrix from a viscous liquid to an elastic solid, the
accompanying shrinkage and the thermal shrinkage.

2. Fibre reorientation, interply slip and fibre stress caused by draping;

3. Interply slip and fibre stresses induced by interaction with deformable tools;

4. Through–thickness temperature distribution;

5. Shape distortions after release.

The finite element method is a powerful tool, enabling the modelling of forming
processes with the incorporation of the above aspects. The constitutive behaviour
of a composite material during processing is modelled well with conventional finite
element technology. Plane strain elements have been applied to compute shape
distortions of typical cross–sections of L–shapes and flat panels in both thermoset and
thermoplastic composites forming, e.g. [68, 12, 100]. The distortions of 3D thermoset
composite products were simulated with solid elements [5, 125, 126] and a hybrid
2D/3D modelling strategy [19]. These FE models simulate the through–thickness
distribution of temperature, cure conversion, stress and resulting shape distortions
with an acceptable number of degrees of freedom.

The largest computational effort is needed for taking into account stress caused
by drape–induced fibre reorientation, interply slip and tool–part interaction with
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deformable tools (aspects 2 and 3). The drape–induced fibre reorientation of a single
fabric layer can be modelled with, e.g., the ideally fibre reinforced fabric (IFRF)
material model [127, 61, 10]. Multi–layered draping incorporating interply slip can
be simulated by placing contact elements between separately meshed layers. The use
of contact elements was already discussed in the current chapter. McEntee and Ó
Brádaigh [123] simulated matched die moulding of a two layered IFRF material with
plane strain elements. The interply slip and the contact with the tools were described
with contact elements. De Luca, Lefébure and Pickett [128] describe an explicit finite
element methodology for modelling the press forming of thermoplastic composites.
Interply contact and tool contact were modelled with a specialised friction law and
contact constraints.

The contact elements must be able to take into account the heat transfer between
the laminate and the tools and between successive plies. The interply slip described
with the contact elements must depend on temperature and material conversion to
describe the consolidation and ‘bonding’ of subsequent plies.

Conventional deep drawing and matched die moulding are commonly performed
with metal tools. The tools can be considered to be infinitely stiff, or rigid, with
respect to the part to be shaped. Therefore, the tools are usually represented by rigid
contours, which impose constraints on the part without adding DOFs to the system.
It was shown in the current chapter that the deformability of the rubber tool has a
dominant influence on the residual stresses in rubber pressed composite products.

Three–dimensional solid elements are required to fully incorporate all discussed
aspects in a single simulation of a composites forming process. However, the numerical
effort involved becomes unfeasible for current standards. The effort can be reduced
considerably by using 2.5D elements, such as membrane, plate or shell elements. But,
standard 2.5D elements are not capable of predicting the 3D effect of spring–forward
after release from the tools.

The computational efficiency can be enhanced substantially by partitioning the
problem into different levels and designing separate solution strategies for each level.
The partitioning can take place at different levels, i.e. at the process level and at the
element level. In this section, a simulation methodology is proposed in which both
levels are addressed.

At the element level, it is discussed how the solution of the governing equations
can be simplified by decoupling the through–thickness direction from the in–plane
directions of the composite laminate. A solution for the heat transfer problem is
proposed, based on a literature study. Subsequently, a multi–layer element that allows
interply slip is proposed. Basically, the through–thickness stress distribution is solved
separate from the FE system. The element replaces the alternate stacking of elements
and contact elements.

At the process level, it is demonstrated how the drape simulation strategy recently
proposed by Lamers [10] can be conveniently adapted to incorporate the simulation
of press–induced stresses. Briefly, the current strategy divides the forming process
into three steps. Each step uses its specific elements: draping with multi–layer drape
membranes, pressing with multi–layer elements allowing transverse shear, and plate
elements for the final release step.
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Results of the three–stepped strategy were not obtained, as implementation was not
complete at the end of the research described in this thesis. Yet it is believed that the
methodology proposed in this section is useful, and applicable for many composite
forming processes.

4.4.1 Temperature distribution

The thermal history during polymer composites processing must be known to
enable residual stress calculations. However, the number of degrees of freedom
becomes considerably large when the transient thermal problem is solved accurately.
Specifically, the rapid cooling that was observed during rubber pressing of
thermoplastic composites requires a sufficiently fine–meshed discretisation through
the laminate thickness. Also, the mesh of the tools contacting the composite material
must be refined locally to account for the high temperature gradients.

Two–dimensional simulations comparable to the rubber press simulation of section
4.2.2 are well manageable on ordinary PCs. Yet, the extension to full 3D product
simulations becomes unfeasible as the computation time increases more than linearly
with the increase of the DOFs in the case of implicit solvers.

A large computational profit is gained when the tools are excluded from the
thermal problem. An equivalent coefficient of heat transfer is often utilised to model
the heat flow between the part to the environment [97]. Shiraisi et al. [129], for
example, studied the through–thickness temperature profile during injection moulding
of polycarbonate. They arrived at an empirical equation for the heat transfer between
the polycarbonate and the mould. The empirical equation is based on the measured
heat flow and the theoretical heat flux between two semi–infinite bodies that suddenly
come into contact. The theoretical heat flow was analytically derived as:

qn(t) =
1√
πt

k1k2

k1
√

α2 + λ2
√

α1
(T10 − T20) (4.14)

where subscripts 1 and 2 denote the two bodies, and k, α and T10, T20 represent
the thermal conductivity, thermal diffusivity and initial temperatures, respectively.
Shiraishi et al. conclude that their empirical equation can be used for the modelling of
injection moulding of polycarbonate. Application for rubber pressing requires a new
experimental evaluation of the heat flow between tools and composite. Nevertheless,
a time discrete form of equation (4.14) might serve as first indication in future
simulations.

The efficiency of the calculations can be improved by decoupling of the thermal
problem in the in–plane and through–thickness directions. Dupret and co–workers
have reported efficient calculation techniques for temperature modelling since the
late eighties. The temperature field in injection moulding was solved with a split
approach [130], employing a hybrid spatial discretisation. Briefly, the in–plane
equations were discretised with low–order interpolation functions (linear, bilinear).
Chebyshev polynomials were used in the through–thickness (gapwise) direction.
The Chebyshev polynomials show good convergence behaviour in the case of high
transients, which occur in the vicinity of the walls. The thermal shock that occurs
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when the injected polymer touches the mould wall was captured with an improved
boundary condition [131]. The hybrid solution technique was applied to simulations
of resin transfer moulding in 1998 [132].

The split approach can be used for solving the temperature distribution in the
case of polymer composites processing. The approach can be simplified taking
into account the characteristics of the forming processes involved. Regarding
thermoset composites, the residual stress calculations performed in this thesis only
concerned relatively thin laminates. Through–thickness and in–plane temperature
distributions were neglected on beforehand in the discussed case, although the theory
for transient thermal problems was provided (section 3.1). Relatively thick thermoset
composites will experience a through–thickness temperature gradient, mainly caused
by the internal heat generation due to the polymerisation reaction. The in–plane
temperature distribution can be considered homogeneous for many processes. The
temperature distribution of the environment in the autoclave oven, for example, is
usually controlled well. In the case of RTM, the temperature of the tools is controlled.
A homogeneous in–plane temperature distribution can be expected when the moulds
have been filled completely. In–plane thermal gradients occurring during injection of
the resin are not considered here.

The forming of thermoplastic composites involves draping of a hot, melted laminate
onto a relatively cold tool. Contact will not be uniform over the product shape.
Locally, contacting areas cool earlier than material which does not touch a tool.
In–plane heat flow will take place between relatively hot and cold spots in the
laminate. However, the in–plane heat flow can be considered to be very small
for two reasons. Firstly, the heat conductivity and the thermal diffusivity of
polymer composite materials are poor. Goo and Woo [104] report an in–plane heat
conductivity of 1.7 W/(mK) for a plain weave carbon/epoxy composite (Vf = 45%).
Glass composites generally have a smaller conductivity due to the relatively small
conductivity of glass.

Secondly, the press velocities are high to assure that the melted composite retains
its formability during the complete draping step. Premature consolidation leading to
a sudden increase of the intra– and interply stiffness may damage the composite part.
In the case of rubber pressing, the press velocity is of the order of 500 mm/s during
draping, slowing down to 50 mm/s when the upper tool reaches the lower tool. Thus,
the contact of the laminate with the tools can be considered to be homogeneous with
respect to the low in–plane thermal diffusivity.

Concluding, solving the heat balance only in the through–thickness direction
suffices for most polymer composites forming processes. The through–thickness
heat balance can be decoupled from the FE formulation, saving a large amount of
DOFs. Other numerical techniques, such as the mentioned polynomial collocation
with Chebyshev polynomials, can be applied in combination with boundary conditions
describing the heat transfer to the environment and/or the tools.
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4.4.2 Transverse shear solution in multi–layer element

The goal of an efficient FE algorithm is to decrease the number of DOFs as much
as possible without losing to much accuracy. Here, a methodology is proposed
which enables the computation of layer–wise stresses in a composite laminate
without actually meshing the individual plies. Figure 4.38 sketches the principle
two–dimensionally.
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slip layer
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L f
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Figure 4.38: Multiple layer element, consisting of fabric plies which are separated by
(viscous) slip layers; the stresses and tractions acting on ply (i) are
shown in detail

The shown element consists of a top and bottom surface. These surfaces are
represented by linear elements without in–plane stiffness. The nodes only posses two
DOFs each, namely two in–plane displacements ux and uy. The nodes are defined
as master nodes, since they will be coupled to nodes of the global FE system in a
later stage. An amount of Nl fabric plies is placed between the two surface elements.
The fabric plies are also represented as linear elements, of which the nodes are named
‘slave’. The fabric plies are separated by Nl−1 slip layers, which describe the interply
friction. The top and bottom fabric layers are connected with the two surface elements
by means of a similar slip layer. The deformations and stresses of the fabric plies can
be related to the deformations and displacements of the two surface elements, as
shown subsequently.

Minimisation of total power

The stresses and tractions acting on ply (i) are shown in detail in figure 4.38. An
approximation of the stress equilibrium is sought by minimising the total power that
is present in the element. The total power consists of two parts, respectively internal
and external power.

The internal power consists of a contribution from the stress within the fabric plies
and the stress in the viscous slip layers, denoted by σ and τ in figure 4.38. The external
power comprises the contribution by the tractions which are practiced on the sides of
the fabric layers by adjoining layers in adjoining elements. All power contributions
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are discussed separately. First, the assumed displacement field and strain definition
of the virtual layers are presented.

Displacement and strain
The fabric layers are assumed to have a linear displacement field just as the surface
elements to which they are associated. The in–plane displacement field of each layer
is obtained by linear interpolation between the slave nodal displacements:

{u({ξ})} = [Ψ({ξ})] {ũ} (4.15)

where {ũ} is a vector containing the nodal degrees of freedom and [Ψ({ξ})] represents
a set of linear interpolation functions in natural coordinates. The vector with the
interpolated displacement fields in natural coordinates, {u({ξ})}, is abbreviated to
{u} from this point onwards. The velocity field is obtained by differentiation of (4.15)
with respect to time, {v} = {u̇}. For implementation in an updated Lagrangian
scheme, the velocity and the strain rate are linearised according to {v} = 1/∆t {∆u}
and {∆ε} = ∆t {ε̇} respectively, hence:

{∆ε} =
1
2

(∇{∆u} + {∆u}∇) (4.16)

or
{∆ε} = [B] {∆ũ} (4.17)

where [B] contains the spatial derivatives of the interpolation functions [Ψ({ξ})].

Stress power
The internal mechanical energy rate, which is also known as stress power or stress
energy rate, is generally given as [133]:

Ẇ =
∫
Ω

σ :D dΩ (4.18)

where σ is the Cauchy stress tensor, D is the rate of deformation tensor and Ω is
the volume in the current configuration (after deformation in this context). In the
case of the multi–layer model, small deformations, hence linear strain increments are
assumed. The stress power of an individual layer is written as:

Ẇ (i)
e =

∫
Ω(i)

{
σ(i)

}T {
ε̇(i)

}
dΩ(i) (4.19)

where {σ} and {ε̇} are the stress and strain vectors as introduced in chapter 2, Ω(i)

represents the volume of each layer. The constitutive behaviour of the fabric plies is
incorporated in equation (4.19), for example the IVE material model. The viscous
layers, which are positioned between the elastic plies, are assumed to obey a viscous
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slip law with a Newtonian viscosity. Assuming a drag flow between two fabric plies
yields for the viscous stress:

{τ}(k) = η(k)
{

γ̇(k)
}

=
η(k)

h
(k)
s

(
{

v(i+1)
}
−
{

v(i)
}

) =
η(k)

h
(k)
s

{
v
(k)
rel

}
(4.20)

where superscript k indicates the slip layer between elastic plies i and i + 1, η is the
viscosity, {γ̇} is the shear rate and hs is the thickness of the slip layer. The stress
power related to the viscous slip layer k is formulated as:

Ẇ (k)
v =

∫
Ω

(k)
v

{τ}T {γ̇} dΩ(k)
v =

∫
Ω

(k)
v

η(k)

h
(k)2
s

{
v
(k)
rel

}T {
v
(k)
rel

}
dΩ(k)

v (4.21)

where Ω(k)
v is the volume of the slip layer. Equation (4.21) also describes the power

contribution of the viscous slip layers that connect the top and bottom fabric plies to
the two (master) surface elements.

External power
The stresses in the fabric plies are not taken into account in the global FE system.
However, the coherence of the fabric layers in one element with the layers in the
adjoining elements needs to be preserved. Therefore, the stresses of the adjacent layers
are imposed as tractions on the sides of each layer. In figure 4.38, these tractions are
indicated with fL and fR. The rate of work as a result of the external tractions, or
the external power, is defined as the product of tractions and the velocities of the
surfaces on which the tractions work:

Ẇ
(i)
f =

K∑
j=1

∫
Γ

(i)
j

{
f (i)

}T

j

{
v(i)

}
j

dΓ(i)
j (4.22)

where Γ(i)
j is the area of side j belonging to ply i. The contributions of K sides are

incorporated in equation (4.22). The traction
{
f (i)

}
j

is obtained by projecting the
stress tensor of the adjacent ply on the normal direction of the relevant side:

{f}(i)
j = σ

(i)
j

{
n(i)

}
j

(4.23)

where σ
(i)
j is the stress tensor and {n}(i)

j is the normal of side j. The nodal forces
F (m) of the top and bottom master element contribute to the external power as:

ẆF =
N∑

m=1

{
F (m)

}T {
ṽ(m)

}
(4.24)

where N denotes the maximum number of master nodes, and
{
ṽ(m)

}
is the vector

with nodal velocities of master node m.
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Minimisation of total power
The work performed by the external forces should match the increase of the internal
power when equilibrium is reached. Therefore, a minimum of the sum of internal
and external power, or total power, conforms to a best approximation of mechanical
equilibrium. Here, the total power is obtained by adding the stress power of the
fabric layers and the viscous slip layers and the power originating from the external
tractions and nodal forces:

Ẇtotal =
Nl∑
i=1

Ẇ (i)
e +

Nl+1∑
k=1

Ẇ (k)
v +

Nl∑
i=1

Ẇ
(i)
f + ẆF (4.25)

The total power is minimised with respect to the DOFs of the fabric layers and the
top and bottom master elements. The total power is incrementalised according to
Ẇtotal ≈ (1/∆t)∆Wtotal. The total power can now be expressed in terms of the
incremental nodal displacements. A minimum of the total power is obtained by
partially differentiating the power and subsequently equating to zero:

∂∆Wtotal

∂∆ûi
= {0} , i = 1, .., Nmax (4.26)

where Nmax represents the number of nodal DOFs ∆ûi which consists of the slave
DOFs of the fabric layers and the master DOFs of the top and surface elements.
Equation (4.26) corresponds to a Nmax × Nmax system of equations:

[K] {∆û} = {F} (4.27)

where [K] is a coefficient matrix containing ply stiffnesses and slip viscosities. The
right hand side vector {F} contains forces caused by the external tractions on the
sides of the plies and the forces on the master nodes.

Predictor–corrector

Non–linear finite element problems can be solved with an interactive, incremental
algorithm such as the Newton–Raphson algorithm, for example see [134]. The
algorithm consists of two steps. A search direction for the solution is established
in the first step. It requires the calculation of the tangent stiffness matrix. The
step is also referred to as the predictor step. Subsequently, the estimated solution is
substituted in the non–linear equation, and the error (or residue) is checked. This
step is called the corrector step. It involves the actual stress calculation in mechanical
problems. The corrector and predictor step are elaborated for the multi–layer model.

Corrector
The nodes of the top and bottom surface element were defined as master nodes. The
DOFs associated with these master nodes are solved in the global FE system. The
DOFs at the slave nodes of the fabric layers are expressed in terms of the known
DOFs of the master nodes. The technique is also known as substructuring [135]. The
vector with all the DOFs, {∆û}, is split into a part belonging to the master nodes
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and a part belonging to the slave nodes, {∆ûm} and {∆ûs} respectively. Equation
(4.27) is rewritten as: [

Kmm Kms

Ksm Kss

]{
∆ûm

∆ûs

}
=
{

Fm

Fs

}
(4.28)

The slave DOFs are expressed in terms of the master DOFs by solving the second
row of equation (4.28):

[Kss] {∆ûs} = {Fs} − [Ksm] {∆ûm} (4.29)

Knowing the incremental displacements {∆ûs}, the incremental linear strains are
computed with equation (4.17). Subsequently, the constitutive law relates stress
increment to the incremental strain.

Predictor
The master DOFs are incorporated into the global FE system. Hence, an element
stiffness matrix and force vector are required. These can be derived by substitution
of the solution of equation (4.29) into the first row of (4.28):(

[Kmm] − [Kms] [Kss]
−1 [Ksm]

)
{∆ûm} = {Fm} − [Kms] [Kss]

−1 {Fs} (4.30)

or shortened to:
[Ke] {∆ûm} = {F e} (4.31)

where [Ke] and {F e} are the element stiffness matrix and force vector, which can be
assembled into the global FE stiffness matrix and right hand side.

Ply stresses
As discussed, the DOFs associated with the fabric plies are not solved in the
global FE system. The tractions are only known from the last converged step,
although the external power is generated with the current velocity, see equation (4.22).
This approach is not consistent with the implicit FE solution of stress equilibrium.
However, the approach provides a quick solution without the high cost of solving
DOFs for each fabric layer.

Implementation

The methodology proposed so far is valid for several linear elements. It may
be implemented in plane strain quadrilaterals, in six node wedge elements or
hexahedrons. The methodology should even work for higher order elements, taking
equal displacement fields for the top and bottom surfaces and the fabric layers,
respectively the master and slave elements. It is recognised that the through–thickness
direction, which was omitted in the analysis so far, requires further elaboration if the
mentioned elements are to be used.

Here, it was chosen to utilise a configuration of elements, which is commonly used
in deep–drawing simulations with the in–house code DiekA [136]. The configuration
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consists of a triangular membrane element, to which so–called contact elements are
attached, see figure 4.39. Membrane elements rather than solids are used for the
reason of compatibility with existing drape elements, as discussed in the following
section.

bottom contact element

top contact element

membrane element

h/2

h/2

Figure 4.39: Stack of a membrane element with contact elements placed on half of the
plate thickness h

The contact elements are six node wedge elements, consisting of three pairs of opposing
nodes. The nodes of the two faces of a contact element are connected to the nodes
of the membrane and the nodes of a tool. The nodes connected to the membrane are
placed on half of the membrane thickness with respect to the midplane. The contact
element can be open or closed. When closed, a penalty method prevents penetration
of the pairs of contact nodes. Coulomb, viscous or Stribeck friction can be described
in the closed situation.

The multi–layer element is described with two master nodes in the thickness
direction. The membrane element possesses only one node through the thickness.
The concept is to connect the master nodes of the multi–layer element to the nodes
of the two contact elements. The connection is established in the code only, making
the multi–layer element ‘virtual’. Hence, the stiffness matrix and force vector of
the virtual multi–layer element are assembled into the global FE system through
the contact elements. The membrane element is merely used as ‘storage space’
for the stresses of the multi–layer model. The membrane DOFs remain suppressed
throughout the pressing simulation, hence they are eliminated from the global FE
system.

The element configuration as proposed in figure 4.39 is limited to small transverse
shear deformations in the current version of DiekA. This is not considered to be
a problem, since the deformations during the pressing (draping not included) are
assumed to be small. A benefit of the current configuration is that the fabric layers
remain within the multi–layer element. No material flows over the element boundaries,
hence the use of an updated Lagrangian solution scheme is allowed. Material flow
across element boundaries does occur in the case of multi–layer draping [10]. This
material flow is discussed further in the next session.
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4.4.3 Simulation strategy

The simulation strategy proposed here is an extension of the drape methodology
proposed by Lamers [10]. It is demonstrated for rubber pressing of thermoplastic
composites, but the methodology is also valid for the other composite forming
processes addressed so far. As discussed earlier in section 2.5.5, Lamers modelled
shape distortions due to process–induced fibre reorientation. The simulation
consisted of draping with multi–layer membrane elements, which was followed by
a thermoelastic release step.

The multi–layer drape membrane element solves the deformation and fibre
reorientation of individual fabric plies in a composite laminate. The constitutive
behaviour of the individual plies is described with an extension of the ideally fibre
reinforced fluid (IFRF) model [127, 61]. The weighted average of the ply deformations
corresponds to the deformation of the membrane. Only the DOFs of the triangular
membranes are solved, utilising an implicit updated Lagrangian FE scheme. The
deformations in draping are large, hence considerable flow of ply material over the
element boundaries occurs. This flow, also referred to as convection, was accounted
for by applying an explicit forward Eulerian step after the updated Lagrangian step.
This solution strategy is referred to as ALE (arbitrary Lagrangian–Eulerian). The
drape simulation takes the average friction between tools and membrane element into
account. However, interply slip caused by through–thickness shear due to tool–part
interaction was not accounted for.

The release step was simulated with DKT elements, after transferring and
manipulating the integration point data from the membrane elements. Uncoupling
the thermoelastic release step from the draping simulation proved to be an efficient
simulation strategy.

draping pressing

{σ(x, y, z)} {N(x, y)},{M(x, y)}

release

membrane membrane DKT

rigid contour

deformable tool

Figure 4.40: Methodology of efficient process modelling

The step of pressing the composite material between the steel tool and the deformable
rubber tool can be included likewise. The draping step is followed by the pressing
step indicated in figure 4.40. No switching of element type is required, since the
multi–layer material is more or less implemented in the same membrane elements
with which the drape simulation was performed. The multi–layer drape model is
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to a great extent compatible with the multi–layer material model described in this
section. The layer information (fibre orientation, drape stress) is readily available
from the drape simulation.

The drape simulation is performed with rigid tools, which are translated to
contours. Subsequently, the contour of the upper tool is replaced with a deformable
tool, which is meshed with hexahedrons. The lower surface of the tool must have
the same element distribution as the composite part. Next, contact elements are
placed between the tool and the composite part, after which the pressing simulation
is performed. The deformation of the rubber can be considered small, therefore the
distortion of the contact elements will be acceptable in the proposed rubber press
simulations.

The pressing simulation comprises the calculation of the through–thickness
temperature distribution, in–plane thermal and crystallisation stresses and the
stresses induced by transverse shear loading. Solving the 1D heat balance provides
the crystallisation temperature, thus the solidification of the thermoplastic matrix.
The temperature at which the laminate has solidified completely through the
thickness can be used as the ‘stress–free’ temperature for subsequent calculation of
the thermoelastic spring–forward (see section 2.5.5).

The through–thickness stress distribution of each element at the end of the pressing
step is analytically integrated to an equivalent force and moment vector in a separate
module. The ABD material stiffness matrix is computed according to the CLT.
The force and moment vector also contain the contributions of spring–forward if the
modified CLT approach of section 2.5.5 is used.

Subsequently, the simulation is restarted after replacing the membrane elements
with DKT elements. This requires no remeshing. The integration point data of the
DKT elements are replaced with the externally manipulated integration point data
of the membranes. The tools are released, allowing the composite part to deform.

4.4.4 Further enhancements of the strategy

The simulation strategy proposed in the previous section involves three steps:

1. Draping with membrane elements, taking into account convection of fabric plies
with the ALE scheme but neglecting interply slip due to tool–part interaction;

2. Pressing with the multi–layer press element configured as a combination of a
membrane and contact elements. The amount of DOFs increases, since the
multi–layer press element is (virtually) described with two nodes in thickness
direction. Convection of fabric plies is not an issue;

3. Thermoelastic release step with DKT elements.

The strategy can be enhanced by combining the first two steps. The multi–layer
press element proposed in this section was designed for small deformations. The
element can be altered for the simulation of drape–induced fibre reorientation. This
is achieved by incorporating the IFRF material model in the power minimisation, see
equation (4.18). As a result, drape simulations can be performed taking into account
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the interaction with the tools more accurately. However, it involves an increase of
the number of DOFs during draping. Also, the complete simulation of draping and
pressing is performed according to the ALE scheme to account for convection. The
initially proposed strategy requires only an ALE description of the draping step.

4.4.5 Concluding remarks

The expected increase of the computational efficiency of the proposed simulation
strategy is based on the results Lamers [10] achieved with multi–layer drape
simulations. The most prominent difference between those simulations and the
simulations as shown in figure 4.40 is found in the presence of the deformable tool.
Although the multi–layer method yields promising results, a huge computational
cost is paid by taking the deformability of a tool into account. Therefore, it is
recommended that future research focus on an efficient numerical description of the
deformable tool.

4.5 Conclusions & recommendations

The rapid forming of thermoplastic composites was addressed in this chapter.
Specifically, the rubber pressing of woven fabric glass/PPS was discussed. Panels were
pressed with flat tools, resulting in considerable warpage of the panels. Conventional
modelling could not account for the amount of warpage observed. A hypothetical
mechanism was postulated: transverse shear loading of the laminate causes fibre
stresses, which are subsequently frozen–in upon solidification. The transverse shear
loading is most likely imposed by the deformation of the rubber tool. The feasibility
of the mechanism was substantiated with a numerical exercise and optical analysis of
the strain present in the top and bottom plies of the rubber pressed flat panels.
It was concluded that future residual stress modelling requires a more profound
description of the mechanical behaviour of the woven fabric composite above the
melting temperature.

The warpage of the panels pressed with flat tools appears to be susceptible to small
variations in the process. It was shown that the rubber tool itself should be treated
as a variable parameter; the sensitivity of composite shape distortions to variations of
the geometry and the properties of the rubber tool requires further experimental and
numerical investigation. The configuration of the mounting frame appeared to play a
role in the discussed pressing of flat glass/PPS composite panels, hence further study
on the subject is recommended.

The spring–forward of woven fabric glass/PPS laminates was discussed on the
basis of rubber pressed Z–shaped profiles. Well–established linear thermoelastic
theory proved to be incapable of predicting the spring–forward of the positively
and negatively pressed corner sections. Again, the transverse shear loading induced
by the deformable rubber tool was indicated as the main cause for residual stress.
A simplified pressing simulation confirmed the possibility of stress caused by this
tool–part interaction. A microscopic study of the pressed corner sections failed to give
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a conclusive judgement on the expected rearrangement of the local fabric architecture.
Further micrography is recommended, provided that the specimens be redesigned.

The simulations performed so far were limited to geometries which allowed
modelling of only a cross–section with plane strain elements. The laminates
were represented by two (linear elastic, isotropic) layers, between which contact
elements described the interply viscous slip behaviour. Extending the models to
full 3D composite products with more layers increases the computational effort
drastically. Therefore, an efficient numerical methodology was proposed, adapting
a split approach that proved to be successful in recent drape simulations. The main
features of the methodology are a) to solve the through–thickness heat transfer and the
through–thickness layer–wise stress distribution apart from the finite element system,
and b) to divide the press process into three separate parts. These parts are draping,
pressing and release. The pressing involves simulating a deformable tool, which
increases the computational effort drastically. The rubber material was simplified to a
nearly incompressible, linear elastic solid in all the simulations discussed in the current
chapter. These simulations provide first indications for the process–induced stress
caused by interaction between the composite laminate and the deformable rubber
tool. The rubber material model requires a critical evaluation for more accurate
modelling.



Chapter 5

Conclusions

The aim of the work described in this thesis was to develop an efficient and accurate
numerical tool for the prediction of process–induced shape distortions of woven
fabric reinforced composites. To this end, the work was performed in three successive
steps: 1) a thermoelastic study of the spring–forward effect, 2) a discussion of
quasi–static thermoset composites moulding, and 3) a study of the rapid forming of
thermoplastic composites with focus on the rubber pressing process.

The spring–forward of woven fabric composites was discussed from a thermoelastic
perspective. A simple, two–dimensional model provides a convenient tool for
spring–forward modelling, based on the three–dimensional thermoelastic properties
of the composite material. The thermally induced spring–forward of singly curved
woven fabric carbon/PEI specimens was predicted well. Subsequently, the 2D model
was implemented in a finite element model for plates, yielding good results at low
computational effort for a singly curved part. The model enables the first–order
prediction of the spring–forward of doubly curved geometries. Further validation is
recommended for future research.

A unidirectional viscoelastic material model for curing thermosets was adapted for
woven fabric composites. The model was validated on the warpage of a non–symmetric
crossply strip. However, it predicted the spring–forward of a single step cured
woven fabric carbon/epoxy L–shape poorly, which was attributed to the modelling
of the fibre stress during the heating of the viscous composite. Critical evaluation
of these fibre stresses is recommended, eventually leading to an essentially improved
description of the material behaviour of the viscous woven fabric composite.

It was demonstrated how the viscoelastic material model can be simplified to an
instantly viscous to elastic model (IVE) for quasi–static moulding processes. The
IVE model is presented as a useful model, which is suitable for implementation in
commercial FE codes.
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The IVE model was utilised to predict the evolution of stress in flat woven fabric
thermoplastic composite panels that were rapidly formed by means of rubber pressing.
The amount of warpage observed could not be accounted for by modelling the
through–thickness thermal gradients and accompanying stress distribution. The
mechanism of mechanical loading imposed by the rubber tool was demonstrated to
be a dominant distortional factor.

The measured thermally induced spring–forward of rubber pressed Z–shaped
parts did not comply with the well–established linear thermoelastic prediction.
Cross–sectional micrography failed to give a conclusive judgement of the expected
fibre rearrangement and distribution of the fibre volume fraction. Future study
requires re–designing of the specimens used. The mechanical loading exerted by
the rubber tool was again indicated as the main source of stress resulting in the
unanticipated absence of spring–forward. Interply slip within the viscous composite,
which allows for separate loading of individual fabric layers, requires qualitative and
quantitative evaluation for future modelling.

A simulation strategy was proposed, which efficiently incorporates the primary
distortional factors indicated in this thesis to a sufficiently accurate level for design
purposes. Although the implementation was not complete, hence results were not
available, it is seen as a methodology well applicable for future process simulations of
woven fabric composites and CFRP composites in general.
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Nomenclature

Abbreviations

ABD stiffness matrix
CCA composite cylinder assemblage
CFRP continuous fibre reinforced polymer
CLT classical laminate theory
CTE coefficient of thermal expansion
DKT discrete Kirchhoff triangle
DOF degree of freedom
DSC differential scanning calorimetry
FE finite element
IVE instantly viscous to elastic
PEEK polyetheretherketone
PEI polyetherimide
PP parallel–parallel scheme
PPS poly(phenylenesulphide)
PSL process simulated laminate
PSD position sensing optical detector
QI quasi–isotropic
RTM resin transfer moulding
SMC sheet moulding compound
SS series–series scheme
UD unidirectional
WF woven fabric
1D one–dimensional
2D two–dimensional
3D three–dimensional
5H 5–harness
8H 8–harness



160 Nomenclature

Scalars

a, a0, au, b shape parameters of fabric cell
a, b, c constants in crystallisation kinetics
a, b, mc constants in cure conversion equation
ds line piece
h thickness, arc height
k heat conductivity
kv, mv constants in viscosity equation
kV gradient in fibre volume fraction
l length
lt total length of arc specimen
q̇ heat
t time, thickness
t1/2 crystallisation half–time
trel relaxation time
tp process time
w width
Cp heat capacity
De Deborah number
E Youngs’s modulus
E constant in cure conversion
Fu, Fe shape functions for fabric cell
G shear modulus
Hr generated heat per unit mass
K bulk modulus
K, n, k Avrami rate constants
R general gas constant, radius
T temperature
T0 reference temperature
Tg glass transition temperature
Tg,gel glass transition temperature at gel point
Tg∞ glass transition temperature of fully cured resin
Xc crystallinity
Xc∞ maximum crystallinity
Uact activation energy
V volume fraction
Ẇ power
η viscosity
η0 reference viscosity
θ angle of rotation
κ curvature
ν Poisson’s ratio
ρ density
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τ shear stress
φ enclosed angle
φL enclosed angle
ϕ shear angle
ψ degree of cure
ψc relative crystallinity
Γ area
Φ intermediate term
Ω volume

Vectors

{f} traction
{n} normal vector
{t} traction
{u} translational degrees of freedom
{F} nodal forces
{M} moment resultants
{N} force resultants
{α} thermal expansion
{β} chemical shrinkage of fully cured resin
{γ} shear strain
{ε} linear strain{
ε0
}

midplane strain
{εcs} chemical shrinkage strain{
εmech

}
mechanical strain strain

{θ} rotational degrees of freedom
{κ} midplane curvature
{σ} stress
{σ0} initial stress
{σve} non–elastic stress
{Ψ} shape functions

Matrices

[A] intermediate matrix
[B] derivatives of shape functions
[ABD] classical caminate theory stiffness matrix
[CR] creep matrix
[D] stiffness matrix
[K] stiffness matrix



162 Nomenclature

[Q] reduced stiffness matrix
[R] relaxation matrix
[S] compliance matrix
[T ] transformation matrix

Tensors

E elastic material tensor
Λ heat conductivity tensor
σ linear stress tensor
ε infinitisemal strain tensor
I unity tensor

Subscripts

xyz Cartesian coordinates
xθr cylindrical coordinates
123 material principal coordinates
ξζ principal directions
f fibre
m matrix
m, s master, slave



Appendix A

Cooling stresses

Cooling stresses are defined as residual stresses that occur when a viscoelastic material
is cooled with a non–uniform temperature distribution through the thickness. Here,
the concept of cooling stresses is demonstrated with an example taken from the work
by Struik [8]. Consider a slab of thermoplastic material with a temperature Tm above
its solidification temperature Ts, see figure A.1. The slab is in its viscous (or rubbery)
state, and it is assumed that the viscous ‘stiffness’ is much smaller than the stiffness
in the solid state. The solidification temperature can be the glass temperature Tg in
case of an amorphous thermoplastic or the crystallisation temperature Tc in case of
a (semi–) crystalline thermoplastic.

The slab with uniform temperature at time t0 is cooled by heat transfer from the
outer surfaces to the environment. It is assumed that the slab is allowed to contract
freely, i.e. no external constraints are present. The cooling is divided into two steps for
the purpose of demonstration. Firstly, the outer surface layers, or skins, are instantly
cooled from Tm to a temperature below Ts at time t1. The skins solidify when their
temperature passes through Ts, the core remains in its viscous state. The skins are
allowed to contract freely, as the stiffness of the viscous core is much smaller.

Secondly, at time t2 the core cools down to a temperature below Ts, also. The
core shrinks, and as soon as it solidifies, stresses build up because the shrinkage is
restrained by the already stiff skins. An equilibrium is established by compressive
stress in the skins and tensile stress in the core.

The example described here is a simplified representation of residual stress induced
by non–homogenous cooling of a viscoelastic material. The two step cooling profile is
not realistic. Solving the heat conduction and applying simplified viscoelastic theory
yields a parabolic residual stress profile [8]. The main result of this more advanced
solution is similar to the result of the example of figure A.1: the material that has
cooled fastest (skin) is subjected to compressive stress in the end.
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Figure A.1: Principle of cooling (or skin–core) stresses



Appendix B

The viscoelastic composite
material model

The system of ordinary differential equations

Applying parallel and series connections of linear springs and Maxwell elements in
the fibre and transverse direction yielded a system of ordinary differential equations
(ODEs), equation (3.9):

{σ̇} = − [Q] [CR] {σ} + [Q] {ε̇} − [Q] [R] {ε} (B.1)

The coefficients of the creep matrix [C] and the retardation matrix [R] were specified
in [22] as:

[C] =


c11 c12 c12 0 0 0
c21 c22 c23 0 0 0
c21 c23 c22 0 0 0
0 0 0 c44 0 0
0 0 0 0 c44 0
0 0 0 0 0 c44

 , [R] = −VfEf


c11 0 0 0 0 0
c21 0 0 0 0 0
c21 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0


(B.2)

The coefficients appearing in (B.2) are expressed in the elastic properties of the
(transversely isotropic) fibre and the matrix and the matrix viscosity:

c11 =
Ẽm

3η
, c12 = − Ẽm

6η
(1 − (1 − 2νf12) Vf )

c21 = − 1
6η

(
1 − 2Vf

(
νf12Ẽm − νmẼf

))
c22 =

1
6η

(
((1 − 2νm)Vfνf12 + (2 − νm)Vm)Vf Ẽf

+ (2V 2
f ν2

f12 + 2VfVmνf12 + 2V 2
m)Ẽm

)
(B.3)
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c23 =
1
6η

(
((1 − 2νm)Vfνf12 − (1 + νm)Vm)Vf Ẽf

+ (2V 2
f ν2

f12 + 2VfVmνf12 − 2V 2
m)Ẽm

)
c44 =

Vm

η

Ẽf =
Ef1

VfEf1 + VmEm
, Ẽm =

Em

VfEf1 + VmEm

Substituting isotropic elastic properties for the fibre, i.e. Ef1 = Ef and νf12 = νf ,
yields the expressions derived by Wiersma, Akkerman and Peeters [22].

It proved to be convenient to split the stress {σ} according to:

{σ} = {σ�} −



VfEf1ε1

0
0
0
0
0


(B.4)

in which the term VfEf1ε1 can be recognised as the elastic, thus non-relaxing fibre
stress in the fibre direction. The transformation (B.4) allows the system of ODEs
(B.1) to be rewritten to:

{σ̇�} = − [Q] [CR] {σ�} + [Q∗] {ε̇} (B.5)

where Q∗ equals [Q] except for Q∗
11:

[Q∗] =


Q11 − VfEf1 Q12 Q13 0 0 0

Q12 Q22 Q23 0 0 0
Q13 Q23 Q33 0 0 0
0 0 0 Q44 0 0
0 0 0 0 Q55 0
0 0 0 0 0 Q66

 (B.6)

Standard theory for the solution of inhomogeneous system (B.5) is now applied. A
general solution in the form of a linear combination of the solution of the homogeneous
system and the particular solution is sought. The inhomogeneous system is solved
applying the method of variation of constants. First, the homogenous part is solved.

Homogeneous solution

For convenience, the homogenous part of the system of ODEs (B.5) is rewritten to:

{σ̇�} = [A] {σ�} , [A] = − [Q] [CR] (B.7)

The roots of the characteristic polynomial:

det [A − λI] = 0 (B.8)
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are the eigenvalues of [A]. The eigenvector {v} associated with an eigenvalue λ is
obtained from:

[A − λI] {v} = 0 (B.9)

A solution for {σ�} associated with an eigenvalue and its corresponding eigenvector
is given by:

{σ�} = e(−λt)
( {v} + t [A − λI] {v} + · · · + tm

m!
[A − λI]m {v}

+ · · · + tp−1

(p − 1)!
[A − λI]p−1 {v} ) (B.10)

where p is the order of {v}, which is not further discussed here. The matrix [Y ]
of which the columns are made up by the linearly independent solutions (B.10) is
named fundamental matrix. The general solution of the homogeneous equation (B.7)
is represented by:

{σ�} = [Y ] {k} (B.11)

where {k} is a vector containing constants.

Particular solution

A solution of the inhomogeneous equation can be determined by substituting the
general homogeneous solution:

{σ�} = [Y ] {Φ} (B.12)

in (B.5), but now the ‘constants’ {Φ} are treated as variables in t. As [Y ] is
a fundamental matrix of the homogeneous equation (thus ˙[Y ] = [A] [Y ]), the
inhomogeneous equation becomes:

[Y ] ˙{Φ} = [Q∗] {ε̇} (B.13)

which is an algebraic equation in ˙{Φ}. Another attribute of the fundamental matrix
is that detY �= 0, so {Φ} is obtained by solving and integrating:

{Φ} = {k} +

t∫
t0

[Y (s)]−1
ds [Q∗] {ε̇} = {k} + [Y �]−1 [Q∗] {ε̇} (B.14)

presuming a constant strain rate {ε̇}, which is a fair assumption considering the time
discretisation that will be discussed subsequently. The vector {k} contains integration
constants. The solution of the inhomogeneous equation is hence:

{σ�} = [Y ] {k} + [Y ] [Y �]−1 [Q∗] {ε̇} (B.15)

The first part of the right hand side represents the general solution of the homogeneous
equation, the second part represents the particular solution. The initial condition is
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discounted for in the homogeneous solution, demanding that the particular solution
vanishes for t ≤ 0:

{σ�}t=t0
= {σ�

0} ⇒ {k} = [Y0]
−1 {σ�

0} (B.16)

thus the final solution of (B.5) becomes:

{σ�} = [Y ] [Y0]
−1 {σ�

0} + [Y ] [Y �]−1 [Q∗] {ε̇} (B.17)

Time discrete formulation

The next step is to discretise the constitutive equation (B.17) with respect to time,
which is achieved by substituting ∆ε/∆t for {ε̇}:

{σ�} = [Y ] [Y0]
−1 {σ�

0} +
1

∆t
[Y ] [Y �]−1 [Q∗] ∆ε (B.18)

Taking into account the back transformation of the stress according to equation (B.4)
where the strain in fibre direction is computed with ε1 = ε0

1 + ∆ε1, it is rewritten to:

{σ�} = [C�] {σ�
0} + [Q�] {∆ε} (B.19)

Elaboration of matrices

Here, the matrices in the solution described above are elaborated further. It can be
observed that only the first three equations of (B.5) form a system; the other three,
which represent the shear behaviour, are uncoupled. These three scalar equations can
be solved individually. The elaboration is restricted to the top 3×3–system. It shows
that the matrix [A] has three real eigenvalues λi with eigenvectors vi of order p = 1,
resulting in the following fundamental matrix:

[Y ] =
[
e−λ1t{v1} e−λ2t{v2} e−λ3t{v3}

]
(B.20)

The other (combinations of) matrices can be worked out to a readable fashion:

[Y0]
−1 =

1
[{v1} , {v2} , {v3}]

 {v2 × v3}T

{v3 × v1}T

{v1 × v2}T

 (B.21)

[Y ] [Y �]−1 =
1

[{v1} , {v2} , {v3}]
[
1 − e−λ1t

λ1
{v1} 1 − e−λ2t

λ2
{v2} 1 − e−λ3t

λ3
{v3}

]
 {v2 × v3}T

{v3 × v1}T

{v1 × v2}T


(B.22)

where

[{v1} , {v2} , {v3}] = {v1} ({v2} × {v3}) = det ({v1} {v2} {v3}) (B.23)

is known as the scalar triple product of the three vectors {v1}, {v2} and {v3}.



Appendix C

Solidification as a function of
crystallinity

Layers slip with respect to each other when a CFRP laminate is formed into a
product. This deformation mode is referred to as interply or interlaminar slip.
Process modelling requires the understanding and subsequent quantification of the
interply slip mechanism. For this purpose, several experimental methods have been
developed [2, 137, 138, 96], of which the ‘pull–out’ test was adapted to quantify
the interply slip in woven fabric glass/PPS composite in the MRP project (BRP
49209UT) [118]. The interply slip experiments, being still in the development phase,
yielded uncomplete results that are not considered further in this thesis. However, the
rig was quickly ‘abused’ as a sort of rheometer. Consider the schematic representation
of the pull–out rig as drawn in figure C.1. The rig is similar to the set–up, which was
published by Murtagh and Mallon in 1992 [2, 137].

heated platens pull–out specimen

LVDT

u

P

F

Figure C.1: Schematic representation of the pull–out rig with a four layer specimen
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The pull–out specimen consists of a four layer laminate, of which the top and bottom
plies are fixed on one side. The two plies in the middle are attached on the other
side to the cross head of a tensile tester by means of a steel cord that runs over a
pulley. The pull–out force F is measured with a 5 kN load cell. The displacement u
is measured with a linear variable differential transformer (LVDT) at the right hand
side edge of the laminate

The laminate is placed between two heated platens. The platens deliver the heat
to melt the laminate. The platens are placed in a hydraulic press, which supplies the
normal pressure P . The press was controlled manually at first, but it was altered such
that the pressure remained constant during testing. This was achieved by pressurising
the hydraulic oil with an air pressure vessel, which is connected to the compressed air
supply (max. 6 bar).

The plies are pulled from the laminate at constant temperature in a standard
interply slip test. Varying normal pressure, slip speed and temperature can result in
a general description of interply friction, which is required for drape and residual stress
modelling. Here, the pull–out test is performed non–isothermally. The pull–out force
is expected to increase drastically when the PPS matrix solidifies at crystallisation.

Pull–out specimens were prepared with a total length of 400 mm and a width
of 70 mm. The heated area has a length of 200 mm. The specimens were heated
up to 360◦C. Two series of four specimens each were measured. The temperature
was measured by placing thermocouples on the top and bottom of the laminate.
The temperature was not measured inside the specimens. In the first series, the
heating was turned off, allowing the platens to cool unforced by convection to the
environment. The temperature rate was fairly constant with a value of approximately
5◦C/min from 280◦C onwards. In the second series, the platens were cooled with liquid
through cooling channels. The cooling rate was reasonably constant at 15◦C/min in
the temperature region of interest (280◦C and lower).

The pull–out force was applied immediately after the start of the cooling. A
constant pull–out force was reached in the temperature range where crystallisation
starts. The recorded force is plotted against the temperature in figure C.2 together
with the crystallisation data, which were presented in chapter 4, figure 4.10. The
constant pull–out force prior to crystallisation was not equal for all measurements.
The variations have been accounted for by vertically shifting of the force curves.

Both measurement series show an increase of the pull–out force, which occurs at
different temperatures. The force measured with a cooling rate of 5◦C/min increases
in the temperature range of 255◦C to 250◦C. The increase of the force globally
coincides with the crystallisation curve measured at 5◦C/min. The force curves of
the pull–out tests performed at 15◦C/min show a steep rise in the range of 250◦C to
245◦C. The four force curves are situated between the two crystallisation curves at
10◦C and 20◦C, although closer to the first.

The spread in the measurements is considerable, but a clear distinction can be
made between the pull–out experiments at different cooling rates. The coincidence
with the crystallisation curves is promising, but it is recognised that the current set–up
requires further improvement for future measurements. Firstly, the temperature is
not measured inside the laminate, where the interply slip takes place. Secondly, a
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Figure C.2: Force during non–isothermal pull–out of woven fabric glass/PPS and
non–isothermal crystallisation data of pure PPS

temperature gradient of approximately 5◦C is present across the 200 mm heated length
of the specimens. This gradient is caused by the free edge of the heated platens, where
extra cooling to the environment occurs. The gradient is expected to influence the
onset of the increase of the pull–out force curves. A more homogeneous temperature
distribution results in a larger slip area that solidifies at the same moment, which
induces a sharper increase of the pull–out force.
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